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First order vector perturbations

SVT Decomposition
—> FLRW metric with scalar, vector and tensor perturbations
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First order vector perturbations

SVT Decomposition

. 1 L
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Non-helical stochastic PMF: (Bl-(k)Bj(k’)) = (27:)3PZ-J-PB(k)5(k + k')

Vector projected component of the coming PMF stress-energy tensor
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Non-helical stochastic PMF: (Bl-(k)Bj(k’)) = (27:)3PZ-J-PB(k)5(k + k')

Vector projected component of the coming PMF stress-energy tensor

L {3 ! (V) 2 (B
d°p |B{p)B{k —p) — Eé,jBl(p)Bz(k —p)| = IV (k) = Pk, 7,
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Primordial origin ?

Non-helical stochastic PMF: (Bl-(k)Bj(k’)) = (2ﬂ)3PleB(k)5(k + k')

Vector projected component of the coming PMF stress-energy tensor
1 | A

a(n) o« ;72/ (1+3w) = Time evolution of V. depends crucially on the background EoS.

Extreme scenario: V; aV for kination, i.e. w = 1.
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Induced Gravitational Waves

1 2
Inherent nonlinearity Induced perturbations
Gravitational field equations are structurally nonlinear beyond Lower-order metric perturbations can act as source terms for
the first order approximation. higher-order metric perturbations.
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Induced Gravitational Waves

Inherent nonlinearity Induced perturbations
Gravitational field equations are structurally nonlinear beyond Lower-order metric perturbations can act as source terms for
the first order approximation. higher-order metric perturbations.

A few well-studied scenarios

Scalar-induced gravitational waves (SIGWs) = Ananda et al (2007), Baumann et
al (2007), Domenech (2021), etc.

Tensor-induced scalar perturbations = Bari et al (2022 & 2023).
IGWs from scalar-tensor coupling =Picard & Malik (2023), Bari et al (2023).
Scalar-induced vector perturbations =Mollerach et al (2003), Saga et al.(2015).

Tensor-induced tensor perturbations =Picard & Malik (2023), Gorji & Sasaki
(2023).
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Vector induced gravitational waves (VIGWSs)

Primordial magnetic field
Carries spatial stress-energy TIS.B)
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Primordial magnetic field ; First-order vector modes
i i - (B) V)
Carries spatial stress-energy Tij Sourced by vector components Hi
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Vector induced gravitational waves (VIGWSs)

First-order vector modes
Sourced by vector components HEV)

Primordial magnetic field

—, ( Second-order tensor modes
. . (B)
Carries spatial stress-energy 7

Induced by first-order-vectors

Transforming to Fourier space + decomposing in helicity basis:

ho(k,n) + 2% (h(k, n) + k*hy(k, ) = S.(k,n)

d’q

1
\/5 J (27)32

_ ¢ " q*lq - k|’
S,(k,n) = e’ (k)Vq, e ()W, k—q.n)| q.(q—k) +

6(1 + w)7Z?

e e e e e e e T

_ (efﬂ(k)QK>2 Vc(q’ nl)Vc(k —{q, 7]) _ 2kava(q’ n)efﬂ(k)QKeTg(k)Vm(k —dq, 77)

S —————— — e

——

e —— e — e —— e — ——
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Vector induced gravitational waves (VIGWSs)

We need to compute the VIGW two-point correlator

n n
(hy(ky, My (ky, 1)) = Jdm [dﬂz 8k, (1 1181, (11, (S, (k1. 1)) Sk, 11))
n n

N / 3 (kip)* 1> N N 3(1 —w)
1 here ,1) = " J kn)Y kn)—J kn)Y k|, with a = .
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Vector induced gravitational waves (VIGWSs)

We need to compute the VIGW two-point correlator

n n
(y(key, )iy (ky, 1)) = [dm [d’h 81,1, 181, (1, 1S (k1. 1) S, (ky, 1)),
n n

1 T (k~ a+1/2
; ; 3 ) s . 3(1—=w)
where g, (17, 77) = o G2 Vo 12K Y 1ok = Ty o k)Y, (k)| with & = :

2(1 + 3w)

...sourced by the four-point correlator of Vl

N\ 2 / <V,11(ql’ 771)V,12(k1 —4q, ’71)V,13(Q2a ’72)V,14(k2 — g5, 1)), with Vi(k, ) =2 Z V(k, n)ej(k).

A==
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Vector induced gravitational waves (VIGWSs)

We need to compute the VIGW two-point correlator

n n
(hy(ky, My (ky, 1)) = Jdm Jdﬂz 8k, 1 1) 8k, (N, 12)(S k1, 1) S, (ks 112)),
i ;i

P (kﬁ)a+1/2 3(1 . W)

where g (17, 7) = Vo 10 ki)Y oy (k) = Ty ok Y oy (k77 | with @ =

2k (kn)e-12 2(1 +3w)’

...sourced by the four-point correlator of Vl

<V,11(Q1, ’71)V,12(k1 — 4, ’71)V,13(42, ’72)V,14(k2 = g, 1)), with Vi(k, ;) = 2 Z Vi(k, H)e,i(k)-

A==

... proportional to the four-point correlator of Hl(.v)

<H§1V)(41)H§2V)(k1 — 41)1_[,(-3‘/)(42)1_[2/)("2 — ),

162G (k)

which can be Wick-expanded in terms of the two-point function Viin, k) = — a(n)2k

(VT KN) = Pyko) IV | 69K + k).
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e Assume a power-law type PMF power spectrum: Pg(k) = Agk"s.

+ EXpress as a convolution integral in terms of the comoving PMF power spectrum: | IY(k) |2 = Jd3qPB(k)PB( |k —q]).
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Vector induced gravitational waves (VIGWS)

Modelling the PMF power spectrum

e Assume a power-law type PMF power spectrum: Pg(k) = Agk"s.

o Express as a convolution integral in terms of the comoving PMF power spectrum: |TTY)(k) |2 = Jd3qPB(k)PB( |k —q]|).

, Approximate the integral analytically (with a UV-cutoff) : | TTY)(k) |2 R~ 47tA§ [

2np+3 2np+3
ngk~"s kin? ]

+
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Vector induced gravitational waves (VIGWSs)

Modelling the PMF power spectrum

e Assume a power-law type PMF power spectrum: Pg(k) = Agk"s.

o . . 2
o Express as a convolution integral in terms of the comoving PMF power spectrum: |TTV)(k) |~ = [d3qPB(k)PB( |k —q]|).

, Approximate the integral analytically (with a UV-cutoff) : | TTY)(k) |2 R~ 47tA§

21,43 2ng+3
ngk~"s kin?

+

The Ratra picture

2s

‘g _ 1 amf JT1788

EM—_Z F//ll/F . a<a1nf
a

Generates inflationary PMFs via
explicit breaking of the conformal
invariance of the Maxwell action

[Ratra - 1992; Subramanian - 2015]
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e Assume a power-law type PMF power spectrum: Pg(k) = Agk"s.

o . . 2
o Express as a convolution integral in terms of the comoving PMF power spectrum: |TTV)(k) |~ = [d3qPB(k)PB( |k —q]|).
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21,43 2ng+3
ngk~"s kin?
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2

The Ratra picture

2s

‘g _ 1 alnf JT1788

EM—_Z F//ll/F . a<a1nf
a

Generates inflationary PMFs via
explicit breaking of the conformal
invariance of the Maxwell action

[Ratra - 1992; Subramanian - 2015]

The fundamental parameters

1 1\° 2s—1)
AB = ; I <S - E) <2aianinf)

ng=—25+3

(Kobayashi & Sloth - 2019)
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Vector induced gravitational waves (VIGWSs)

Modelling the PMF power spectrum

e Assume a power-law type PMF power spectrum: Pg(k) = Agk"s.

o Express as a convolution integral in terms of the comoving PMF power spectrum: |TTY)(k) |2 = [d3qPB(k)PB( |k —q]|).

21,43 2ng+3
ngk~"s kin?

+

, Approximate the integral analytically (with a UV-cutoff) : | TTY)(k) |2 R~ 47IA§

1 2 3
The Ratra picture The fundamental parameters Scale factor at the end of inflation
1 (ag:\> 1 1\’ 2s—1) 5 7
inf v, ST
EEM = — Z < p > F,ul/Fﬂ a< ainf AB = ; I <S - E) <2aianinf) Qg = HO ﬁ e(3wreh_1)ANreh/4
Heq Hinf

Generates inflationary PMFs via
explicit breaking of the conformal
invariance of the Maxwell action

np=—2s+3 Hy ~ 1072 GeV, H,, ~ 109 GeV

[Ratra - 1992: Subramanian - 2015] (Kobayashi & Sloth - 2019) AN,.,, = duration in e-folds of the post-inflationary era.
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Vector induced gravitational waves (VIGWSs)

Modelling the PMF power spectrum

e Assume a power-law type PMF power spectrum: Pg(k) = Agk"s.

o Express as a convolution integral in terms of the comoving PMF power spectrum: |TTY)(k) |2 = ‘Ad3qPB(k)PB( |k —q]|).

2np+3 2np+3
ngk~"s kin?

_|_
(ng+3)2ng+3)  2np+3

, Approximate the integral analytically (with a UV-cutoff) : | TTY)(k) |2 R~ 475A§

1 2 3
The Ratra picture The fundamental parameters Scale factor at the end of inflation
1 (a.\* 1 1 2 2s—1) % N
Lem = — 7 < ;f> F F' 0 a <apy Ap = = I <S - E) <2aianinf) a - = Hy ﬁ e BWien—DAN, /4
Heq Hinf

Generates inflationary PMFs via
explicit breaking of the conformal
invariance of the Maxwell action

g = =25+ 3 Hy ~ 1072 GeV, H,, ~ 10777 GeV

[Ratra - 1992: Subramanian - 2015] (Kobayashi & Sloth - 2019) AN,.,, = duration in e-folds of the post-inflationary era.

Total parameter space: {H, ¢, AN.., s, w} = Let us compute the VIGW two-point correlation function!
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The GW spectral abundance

For freely propagating GWs on sub-horizon scales

1 dp 1 k
Qawlk,n) = SLIgN [

2
~ @ k,
o dink 12 %(;7)] k1)
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The GW spectral abundance

For freely propagating GWs on sub-horizon scales  The tensor power spectrum in terms of 2-point function

2

1 dpgw 1 k]’ i 1 _ 2z 3) /
= ~ h(k,nh"(k’,n)) = —P,(k,n)0"(k + k
Qowlkm = ® 1 [%(m] Pk, n) ke, MG’ m)) = —== 30k, MO )
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The GW spectral abundance

For freely propagating GWs on sub-horizon scales  The tensor power spectrum in terms of 2-point function

2

1 dpgw 1 k]’ i 1 _ 2z 3) /
= ~ h(k,nh"(k’,n)) = —P,(k,n)0"(k + k
Qowlkm = ® 1 [%(m] Pk, n) ke, MG’ m)) = —== 30k, MO )

413
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Present-day GW spectral abundance on scales k 2 k...)| Qow(k, 19) = . . Qaw(k, Mep)
1,0 G *
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The GW spectral abundance

For freely propagating GWs on sub-horizon scales  The tensor power spectrum in terms of 2-point function

2

1 dpgw 1 k]’ i 1 _ 2z 3) /
= ~ h(k,nh"(k’,n)) = —P,(k,n)0"(k + k
Qowlkm = ® 1 [%(m] Pk, n) ke, MG’ m)) = —== 30k, MO )

413
) = D, g*s,o
Present-day GW spectral abundance on scales k 2 k...)| Qow(k, 19) = . . Qaw(k, Mep)
1,0 G *

n 2/3 ;
Characteristic scale: k., = (Hianeq> <H—O> CXp [_Z(Wreh + 1)ANreh]
eq
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The GW spectral abundance

For freely propagating GWs on sub-horizon scales  The tensor power spectrum in terms of 2-point function

2

1 dpgw 1 k]’ g0 _ 2z 3) /
= ~ h(k,nh"(k’,n)) = —P,(k,n)0"(k + k
Qowlkm = ® 1 [%(m] Pk, n) ke, MG’ m)) = —== 30k, MO )

413
) = D, g*s,o
Present-day GW spectral abundance on scales k 2 k...)| Qow(k, 19) = . . Qaw(k, Mep)
.0 G *

n 2/3 ;
Characteristic scale: k., = (Hianeq) <H—O> CXp [_Z(Wreh + I)ANreh]
eq

The GW spectral abundance on small scales can be computed at 7 = 7.,

and related to its present-day value!
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A few necessary approximations

Post-reheating MHD turbulence sets in during radiation domination =— MHD simulations are required!

To keep things analytically tractable, we focus only on VIGW production during the post-inflationary epoch.

e Time integral runs between #, ¢ and 7., .

e Momentum integral runs between k; ¢ and k...

For k < k., we approximate with Q. (k, 77,) o k> = Universal IR scaling [Cai et al. - 2019)].

May lead to an underestimation of the VIGW amplitude, and/or result in some loss of accuracy

in the spectrum close to k.., from the left...

At the end, we find that a detectably large VIGW signal at small scales

can be obtained for realistic parameter values!
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The VIGW spectrum for kination (s = 2)
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The VIGW spectrum for kination (s = 2)
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The VIGW spectrum for kination (s = 2)

10° ©
e I :::::‘:. C ‘\VZ 77777777777777
10-10 L
10-15 L
Hir=10'13 GeV \\\ N f ANreh=12.0\
1020 |~~~ =~ Hip=10'%GeV | .00 0 1020 - |- - =~ - AN=115 |
N B Hipyp=10'%3 GeV | .- ' o ' RN N e ~ | | b T T ANpen=11.0 .
Hig=1073 Gev' | .+ . . ANpr=10.0 |
1025 |~ - Hiy=10°% GeV ' N 1025 |- - =~ ANp=9.5
10-¢ ' 104 10-2 1 102 104 10-6 16 4 10-2 1 102 104
f/Hz f/Hz
AN, = 10 (black) & 14 (brown) H_. = 10°GeV (black) & 1013GeV (brown)
Higher H, ; — increased GW amplitude, Higher AN, = increased GW amplitude,
increased f.,. decreased f...
172 o/3
k (Hianeq) H. 3
fpeak = 1 = . CXp __(Wreh + DAN, reh
21 21 H,, 4

538

LISA

ET

DECIGO

BBO

UDECIGO

CE

LIGO

a-LIGO



10°%

The VIGW spectrum for kination (s = 2)

L | J’ /
r N i
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The VIGW spectrum for kination (s = 2)
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The VIGW spectrum for kination (s = 2)
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The VIGW spectrum for kination (s = 2)
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Conclusions & Outlook

Key Takeaways

® First order vectors decay rapidly without a source, but can be important when sourced continually.
® PMF-sourced vector modes can be particularly sustained during a post-inflationary kination epoch.
® Secondary tensor modes, i.e., VIGWSs can be induced at higher order from such first-order vectors.

® The VIGW signal may peak at small scales, and be potentially detectable by upcoming GW missions.

Future Perspectives

® Semi-analytic and/or simulation-based modelling of VIGWs during RD.

® Disentangling the VIGW spectrum from competing signals, e.g. PGWs, SIGWs.
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Thanks for your attention!
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Back-Up Slides
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Full S+V+T source term for second-order IGWs

AV;AV;

Sij = = Va0a(0:Vj + 9;Vi) + 0aViBaV; + 0:VaO;Va + 2Va0id;Va + 73 1+ ) (C.1)
— 20;¢00;¢ — 60;90;9 — 4 (00;0;0 + ¥0;0;v) + 2 (0;00;v + 0;00;7)
T 3H2(f+ w) [H28i¢8j¢ +H (8-i¢8j1/)’ + 8j¢ai"f)’) + O’ j?f)’] (C.2)
+ 4h,’,.ah30 — 20;hapOjhap + 4hapOp (Oiha; + Ojhai)
+ 40phiq (Oahp; — Ophaj) — 4hap (8;0;hab + FaOhi;) + 12H2w D hy; (C.3)
— (¢' + ' +4H9) (0:V; + 0;Vi) — 2¢ (G;V] + 0;V)) + 4H (Vi0;9 + V;0:)
+2 (Vo) + (Vo)) ~ gt (aVid; + AV;0) (6+ %) (C.4)
+4¢ (hi; + 2Hhi; + 6wHhi;) — 2 (¢ — ') hi; — 8H (¢’ + 3¢') hyj
— 12¢"hi; + 4 (YAhi; — Aphi; + 280h;;) — 4 (hie0a00 + hja0,0:)
+ 20,hij0q (¢ + 3%) — 2 (Oihaj + Ojhia) Oa (¢ + V) (C.5)
+ 4V, 0,hi; + 2 (Vg + 4HV,) Oghij — 2 (hia0aVj + hiyj0.Vi)
— 2 [(VaBihas)' + (Vadjhia)'] — 4HV, (Dihaj + Ojhia) (C.6)

Our focus is on (C.1); pure SIGWs are sourced by (C.2);

pure tensor-induced tensors result from (C.3); rest are SVT cross-terms.
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Analytic expressions for (5,5 )

(S (ki1 )Sy(ka,72)) A

= SN iy e, S 3) g o / d*qr IV (q) POV (k) — gi])[?
a(m)ta(m)! | 4=~ J (27)*/? gilky — q1?

1 ey Gla =k )( . M)
[m ((11 (g1 L‘)+(,(1+ iz ) \ I (@ )+6(1+w)7{1§’

X (l + A 0)2 (l + A ky —q (‘4»;0)'-’+ 1 1 g 40(1 XA ky — q (:()5())2
e 2 — (], Sin — A lp————
Ky — qu 16" k1 — qu

ky — qy cos0\* atlay — ky|?
2 1 =0 i . il 1
= Lq. (l+,\2—|kl“(h ) z(ql (g1 — k) )+—(,(l w)w)

xR [(fll..r:‘i(kl)')zc:'_(kl)"f\.(Qn)'f'i'(kl)'f,\,(kl ~ qi)es, (q)* el (ky — Ql)']
1 ky — qy cosl) 2 ¢

+ = R BT T— R | kel - (ky)e® (ky) el .

F3 (1 I T ) fo[ 1€, (q1)qee” (K )eZ (k1) e}, (q1) ]

_2(1'1" sin® 0 x R [kl.«:;'(ql)q”,eb_ (k1)*e™(ky)ey, S (k1 —q )‘5:{,(‘11)“7‘,{3(kl - ql)'] ]

(hhV) ~

(Si(kr,m)Si(k2,10)) 5
l()'(.)'rh 15

e s S IV () IV (K — )2
=0 (ky + kp) x a(rll)'a(lb)' Z ./ (2mw)3/2 qilky — q|?

aila — ki ailgs — kil
x[(q"(q‘ k) + S0+ o) )(q"(q‘ )+ 60+ w3

x|es, (qu)el (k) Pler, (kr — qu)e™ (ka)* + e (k)| *[e5, (q1)es, (ks —fll)l
—A|quee” (k) *Ryces, (qr)kiaes, (ky — qi)*e™ (ky el (ky — qi)et (ky)*el, (an)*

ailqy — ka|?

-2 ((h- (g1 = k) + H)

" [(qm"‘: (k1)*)? el (Ku)eh, (qu)e™ (ka)ex (kr — qu)el (qu)"ed (k- lll).]
(., ke 2

+2 (Ql-(ql — k) + H)

s (kl)ﬁgl(ql)lz (kld‘:(iz(kl - (ll)‘) (q10€" (K1)*) (f:'jt(kl)f ek — aq))

‘ o)+ Dl =k
-9 (q,. (g1 — k1) + (;l(l - ur)'H:ﬁ)
e (Ren)e (R — o)l (klr‘-';.(ql)) (qutrl,(kl)) ((:ll (kl)'q-'lj\l(QI)')

-2 (et (k) (Raed, (ks = a0)*) (qnae® (k1)°) (% (k)" e, (an)*) (65, (@), (B — an)
#2 (q1ae® (k1)*)” (Frces, (1)) (qneet (k1)) (em(ka)est (kr = @0) (e, ()", (kr — @0)° )]

(S,5,) + (S_S_) + (S,S1) +(S_8,) = 2 ((S,5,) + (5,5.))
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Qaw(f,ng) h?

VIGWSs vs first order PMF sourced GWs

Apart from vector perturbations, PMFs can also directly source tensor perturbations.

- 12

n
pn
PBk,n) = 64G*3 | TT(k) | [ T gin. )

a(fj)?
gF
e Comparison of VIGW spectrum vs first-order
_ PMF-sourced GW spectrum produced during a
1071 — post-inflationary kination epoch for identical
. . combinations of parameters:
10° »
1030 - o mf = 10%8GeV & AN h = 14.5 (dot-dashed);
mf_ 10°3GeV & AN, = 12.0 (dashed);
1040 - . H_.=10"GeV & AN, = 10.0 (solid).
100 - __.---_‘;';'—‘*”_',—_:-——-"’
10-50 - EIUTEAIME S ___,.—-—"" e Can be explained based on the following
IUUEEEIIROEE AT S observations:
10-70 - o PMFs decay whereas vector modes do not.
100 10- 102 1 102 104 o VIGW spectrum receives # and k-integrated

contributions.
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What about s # 27

e For example, choosing s = 1 == merely one order reduction in peak amplitude.

e This is because for 2ng + 3 > 0, the UV-cutoff term dominates the analytic expression for
ITIV)(k) |* , whose index therefore becomes independent of the magnetic spectral index.

® Negative and non-integer values of s are less favoured from an inflationary magnetogenesis
perspective.

What about w # 17

¢ \/ector modes start decaying for w < 1 = VIGW production is less efficient.

® The reduction is quite significant due to four-point dependence on vectors + time
integrated effect.

e | arger numerical instabilities due to fast-oscillating Bessel functions = something to
revisit in future!
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Avoiding magnetic backreaction

Backreaction constraint at the end of kination epoch

eFors=72: (Hinf/GeV) eANVen < 10°! = satisfied by all of our choices

o Fors =4 : (H;,;/GeV) e?2Men < 107

22(3—1) 1 2
o For aritrary s : — G5 r (s + 5) a (Hmf/G.ev)4 [1— ¢ 4G=90Nu] < 1042

For larger values of s, the backreaction constraint may rule out parts of the
{H, ¢, AN, } parameter space.

inf?
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