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Why do we decouple and separate field equations?

To extract information contained in astrophysical phenomena

!

Kerr Black Hole (t, r, 6 ..
- (” ’ ¢) N Accretion disks, relativistic jets,

R Neeval and gravitational-wave

emission

4

Coupled PDEs
g

DIFFICULT TO SOLVE
DIRECTLY!




Kerr spacetime hidden symmetries

— Decouple/separate field equations



The ’superhero’ of rotating black hole physics

Principal Killing-Yano tensor (PKY)

encodes a hidden symmetry which
ensures:

Axis of rotation

-> Complete infegrability of geodesic
motion

-> Separability of various field equations
(Hamilton-Jacobi, Klein-Gordon, Dirac, Teukolsky)




¥&3  All massless-field perturbations of Kerr:

(

P, s = 0 (scalar)

Ps = % ¢o = F,, I'm”" , ¢y =F,m'n", s==£l1 (electromagnetic)

| Yo, Uy, s = £2 (gravitational)

satisfy a single “master” equation (PDE):

Ts [ws] =0

Then, the separation ansatz:

S.A. ¥s(t,7,0,0) = e "™ Rip(r) Simw(6) ,
Teukolsky

Splits the PDE into two radial and angular ODE’s connected

by a separation constant g,
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Symmetries | == m=) | Separability

explicit / hidden
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Symmetries | =)
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PKY tensor

=) | Separability

r ~
Aa — (OA)CL

@0 - EI.{) l(l"‘l'7'?.l),

= ~ , 1
Fop = V[aAb] |:> 01 = 5F‘“’ (l“'nb 4 ﬁz“’”nz"’)

(;)2 = Ezl)'ﬁ]an .

b
¢0, ¢17 ¢2
.



The rest of the talk...

o Kerr geometry and NP/GHP formalism review
e Symmetry operators from the PKY tensor
e Examples: Action on fields

e Final remarks






In Boyer-Lindquist coordinates:

A ¥ . ;
ds® = ) (dt — asin? 9(199)2 + —dr? + ©df* +

2
= SH; 0 [(r + a?) do — ad t]Q |

A A = —2Mr+a’ = (r—n)(r—7), X =r"+a’cos’d.

Axis of rotation Ki n ne rSIey tetrad :

@ — ﬁ [(2 + @) 8, + AB, + ady) ,

= —— [(r*+0?) 8, — A0, +ady]

Ergosphere mt=———— (iasinf0; + Og + 1 cschOy) .
\@(1 + tacos ) ( ; 2




Tensor components into smaller set of complex scalars.

Null tetrad basis:

Directional derivatives

p =[*V,, A=n"V,, d=m*V,, d=m"V,

Spin coefficients (connection)

Curvature tensors, EFE, Bianchi identities, etc



Electromagnetic fields (s = * 1)

NP coupled Maxwell equations

(D —2p)p1 — (6 + 7 — 2a)¢po = 0
Vol = lV“V[(LAb] =), T (A +2p)p1 — (6 — T_+ 23)¢2 =0

2 (D —p+2e)pa — (0 + 2m)py =

l (A +p—2y)¢o — (6 — 27)y =

Maxwell scalars l
do = Fppl®m®, _ - (D —& +&—2p— p}(A—2% +p)
i satisfy —(0+7—a—B—-27)(0+7—2a)]¢o =0,
¢1 = o b (I*n® + m*m®)| e <
02 = Fyym G0, [(A+i57_7—_2ﬂ+ﬁ)(D—26—p)
| —(@—T+8—3a—2n)(8 —7—28) —6¢s]¢2 =0,

Decoupled Teukolsky master equations



NP equations are not covariant under spin/boost rescaling of the null vectors.

e Same null tetrad plus spin/boosts weights (p, g).

OOV G (0, n,m,m) — (AL, A'n, em, e "m),

boost

a GHP scalar transforms as:

e GHP operators

by = (D — pe — q&)n, b'n= (A + pe + q€')n,

onp=(0—pB+qB)y, n=(+pB —qB)n.



Maxwell Equations (ME) with its adapted tetrad written in the GHP formalism read:

b®, = (8, + T,)(I)() : 0P, = (b, % [)I)(I)() :
b'(I)l = (6 + T)(I)O : 0P, = (b + p)®o, where ®; = k?¢;

Applying the GHP operators on the ME we get the Teukolsky - Starobinsky Identities (TSI):

b/b/(I)O = 66(1)2 3
0’0 ®y = bp®- ,
(@D + p'd') @y = (0 + p0) Do,

Finally, Teukolsky Master Equations (TME) in GHP form:
Toldol = [(b—p) (' + ) — (@ 7) @ + ') w2 =0,

Tl = [ +p —F)b— (@ —7+7)0]xip1 =0,
Tolpo] = [(b'— 7)) (b+p) — (0 —7) (0 + 7)] K¢ = .



Symmetry operators from the

PKY tensor




Principal tensor = a (non-degenerate) closed conformal

Killing Yano 2-form.

The PKY tensor satisfies the following defining equation

VCkab = Zcalb — 8cb&a-

Frolov, V.P., Krtous, P. & Kubizhak, D., Living Rev Relativ (2017) 20: 6.



Linear in k: —»

Quadratic in k:

O = k*\V? — kg VeV — KV V), — 26,V°.

O = k*V°V, + 4k° £V, = V* (K* V) .

O) = k* kpaVV? + Viaby — (K*)* .V, V¢ — (K?),, V°V°

1. 5 2 ca 1 2 a 2\ @ 2 a
+ ékrzvz()b - §k’v,,v e (lfz) V- —k bvg

- ]“’cfgjvedl(f - fo—lkbﬂvﬁ‘ Sl gbl‘?as've - kt:bgcvu'

()q;) = ]“abvz ]‘:ucl‘:bdv(:vd T (L72){l (;vevb A (}-72)1)6' V“‘V“'

- (ATQ)“ bv2 = SI‘T(L[)Vﬁ - l‘(jEjvé()[(,l + Scbkaeve

+ 3kaf"V" — 26°03 + 26°6:

F Gray, D Kubiznak - Physical Review D, 2024

(k%) ap = kack®s,

k? = kapk®,

Ve =¢V,,

Vi = (F*Y*¥. Vs



Constructing new operators in NP/GHP formalism

Act the operator on a four-potential Pk (OA)”

Algebraic simplification

Construct the field strength

Project into the null tetrad

Apply to a given field




Linear in k:

f/“ia = (ATCI'I)v'j v] — li’?(:bvcva — A?acvcvb o 2§bva) 14})'

Using source-free Maxwell equations, commutation of covariant derivatives, and
the KY equation:

Al .be Aa1.cd a /
fln —= _]‘ vnE)c + 4‘4 A Ra(:nd - 25 V'I‘LAA(,L-

. vf (anbfb) - vn (Ffbfb) g




Quadratic operators
Linear combination " T y
Aa— — ((;12) . A((1q3)

A, = (k,F)é — F,koel® + 3F,“hpel® — Viy(k -k - F)’ — kg V(F - k).
Its field strength then takes the form:

Fy = AFp08a® — 6Faalyl? + AF o4 + k¥ (VaFie) — 3ks°¢(VaFu) — 264V a(k, F)
— 3F k% (Vo) + Fickd®(Vat®) — (k, F)(Vata) + VaVs(k, k, F)’q + k"V, Vi (K, F)
+ 3k, (VaFae) — 3kaE(VaFoe) + 26,V a(k, F) + (k, F)(Vata) — Fucka*(Vat®)
+ 3F, kS (V4€®) — VaViu(k, k, F)°, — k°V 4V (k, F).



Quadratic operators

Linear combination - - =
“plus” . A A(qZ) _'_Ag’q%)

At = (k, F)& — 6F,kael® — Vi (k- k- F)°,

Its field strength then takes the form:

Ff = 6Fyatat® — 6Fua&yt® + 6Fapt’Ca + 3ka " (VaFoe) — 3k°€*(VaFuc)
— &Va(k, F) — 3F 4k (Va&®) + 3Fpcks (Vao®) — (k, F)(Vaa)
— 3k °E"(VaFac) — 3k.°°(VaFye) + £V a(k, F) + (k, F)(Vata)
— 3Fpcka®(Va€®) + 3Fucks®(Vat®) — VaVs(k, k, F)°s + VaVi(k, k, F)4



Symmetries | =)
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PKY tensor

=) | Separability

r ~
Aa — (OA)CL

@0 - EI.{) l(l"‘l'7'?.l),

= ~ , 1
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Maxwell scalars in GHP formalism

Projecting into the null tetrad, using Maxwell equations, Teukolsky master
equation and identities:

é& = bbp R%éQ )

61 = (PO’ +7'D) Kids
¢y = OR3P, .

o5 =[b—p) (b +20 —p)+ (@ —7) @ +27 — ') 1E1bo
~ii- = (b,a, + 7_'1')/ + 2[3,7_' —= 2[),7J) f‘i'jll?,l(/ﬁ() -} (b6 -+ ’T_Jb - 2p7—'/ — 2[)7) K1R1¢2 ;

by =[(b'—p) (b+20—p) + (8 —7) (D +27 — 7)] k1R1 2. NEW!
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Eigenproblem summary: single-mode Maxwell field

£€F1 m —1W Fl m
LaFy  =1mFy

l.m l.m
+ i —l.w w
O Fl m — “M,m lom >
o —1,—w —w
o~ Fl m _Cl —m F

T _ (p—=1w\2 w
OO0 Fl m C m Cl m lm _( l,m ) lLm.”

cElv = \/(/\il w) + dmaw — 4a2w?

lm



Test point particle field: ZAMO observers
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Summary:

We study a class of symmetry operators acting on vector perturbations in the Kerr.
We started from operators constructed from the PKY tensor.

We franslated the operators into NP/GHP formalism.

We found a new “plus” operator.

When applied to a single-mode solution, the new operators naturally reproduce the
Teukolsky separation constants.

Operators are useful as projectors on single-modes (isolate specific modes).

This eigenstructure ties our abstract symmetry operators back to the familiar
Teukolsky separation constants.



Thank you!

Questions?




Quadratic operator 1

i 2 b
Ae="Y" (k VA ) ;
We sce that the new vector potential A* is a pure gauge, as can be written as:

~

As = Ve,

where A = k2V,A® is a scalar ficld. Therefore, it does not contribute to the ficld strength:



Quadratic in k:

Quadratic operator

As = (O3, AP

q2

A =2 (k, F) ¢, — 4 Fyoko € + 6 Fooky & — 2V (k- k- F)°, — ko V° (k, F)

Quadratic operator

Ao = (OENE AL,

q3

/

A®) = kb(Vs (k, F) + 2F8°).

a



How the new operator act on a single mode?

o =[b—p) (b +20 —p)+ (@ —7) (@ +27 — )] k1R o,
bt = (' + 7P + 207 — 20'7") k1R1do + (DD + T'b + 257 — 2p7) K1R1 s,
o3 =[(b'—p)(b+20—p)+ @ —7) (B+27 — 7)] K1F1a.

Let us have a solution — a single mode F, with projections:

1

go =5 e RN Y, (0, 9),
e~“tgin 0 : —lwy —lw lwy 1w
¢ = 8R2MK 2a (m — w(a +ir cos ) (le Y Tt )

. —-1lw —lwy—1lw lwy 1w . —1l,w lwy —1w —lwy 1w
_Zp/\l,m (Pl,m Yi,m _‘Pl Y, )_zpcl,m (_‘Pl,mY;,m +l)l,m Yz,m) )

m = lm

1 1 —iw —1lw —-1.w
¢2:§Fe SRR 0.9,

Im



How the new operator act on a single mode?

& =1b—p) (B +20 = p) + (@ —7) (@ +27 — 7")] saFado,
¢F = (b8 + 7P + 25’7 — 20'7") k1Rado + (DO + T'b + 257 — 2p7) k1R 2,
b3 =B = 7) (b+26—p) + (& = 7) (8 + 27 — 7)) k1Frn.

i

by =5 N Ry () Y (0, 9)

- e “iginf

b1 = MK /\l’,.}{“ 2a (m — w(a + ircosf)) (Pl,ni""Yl’T;’“ + Pll“’Y;ln‘;’

,m

lw

- 1w lw lLwy lwy - lw ( plwy—lw lwy 1w
_l’p/\l,m (f)l,m )/l,m ‘Pl,m)/l,m) l’pcl,m ( I)l,mY;,m +]:)l,m )/l,m)

7+ ll

Ay g /\z,rifw Rz,;{w("') Y,,"}"*’(e, b),

where we have quite a trivial action of the operator O" on a single mode as follows:

lw pw
F —/\l,m Fl’m.



Parity operator

Let us consider an active coordinate transformation P of the field Fy,  given by:
?
0 —>m—0, b — T+ P,

together with the Jacobian diag(1,1, —1,1) which yields a new field F Zm =PFy,.

One finds:
O B =~ ¢ PF, ...

From where we read that @ ~ —(—1)""™P is proportional to the parity operator.



