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• Current GBDs are being upgraded. 

• New detectors Cosmic Explorer, 
Einstein telescope, and space based 
LISA is also coming. 

• These will be more sensitive 
detectors. 

• This opportunity can be used                 
to test GR. 

• Also the nature of the compact          
objects.         

• Exotic compact object (ECO),                  
quantum effects near BH.                            



• Center of a galaxy can host SMBH of mass
. 

• Stellar mass stars, BHs get captured in inspiral 
around such SMBHs. 

• Mass ratio . 

• Frequency of EMRI . 

• For . 

• Perfect for LISA

M ∼ 106 − 107M⊙

≤ 10−4

c3

50MG
≤ f ≤ c3

MG

M ∼ 106M⊙, .004Hz ≤ f ≤ .2Hz

(10−4 − .1)Hz
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• We will focus on EMRI first, where a stellar 
mass  Inspirals around SMBH 
of , observable in LISA. 

• Hence we calculate perturbation around BH 
by a small particle.

∼ 10 − 100M⊙
∼ 105 − 107M⊙

•  is the perturbation quantity 
satisfying Teukolsky equation. 

• From  GW waveform, energy fluxes 
at infinity and also the flux at horizon 
can be calculated.

ψ4

ψ4



• The SMBHs are not in vacuum.
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• The SMBHs are not in vacuum. 

• They have DM halo around them. 

• They have accretion disks around them. 

• The disks have baryonic matter and magnetic fields. 

• Also other bodys can be present nearby.

• Do they impact EMRI? How to quantify it?



• Presence of matters and fields introduces non-zero energy momentum tensor (EMT). 

• EMT changes the geometry. 

• This modifies the geodesics. 

• As a result, GW emission changes. 

• This requires a systematic computation of environmental effects (EEs).

Gμν = 8πTμν



• In non rotating case some progress was done.  Cardoso + 2021, 2022, Rahman 2023, Speeney 2024 

•  Computed flux with DM distributions in circular, eccentric orbit.
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• In non rotating case some progress was done.  Cardoso + 2021, 2022, Rahman 2023, Speeney 2024 

•  Computed flux with DM distributions in circular, eccentric orbit. 

• With environment background metric,  . 

• In perturbation,  induces due to point particle. 

•  Axial + Polar, due to Parity . 

• Axial case reduces to,   

• .

g0
μν ≠ gSCBH

μν

δgμν

δgμν = θ → π − θ, ϕ → ϕ + π

(d2
x − V(x) + ω2)ψ = SPP

V = VBH + something



• For BH even polar case reduces to  

• In presence of EE they don’t. 

• Results in solving several coupled equation.

(d2
x − VP(x) + ω2)Ψ = S̄PP



• For BH even polar case reduces to  

• In presence of EE they don’t. 

• Results in solving several coupled equation.

(d2
x − VP(x) + ω2)Ψ = S̄PP

• We need a simpler approach for polar. 

• Which can be added to existing vacuum result.



Multi parameter expansion
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• We use 2 perturbative parameters. Brito+ PRD 108 (2023) 8, 084019  

• Mass ratio , environment coupling . 

•  

•  

•  

• , with . 

•  is Vacuum.  metric changed due to static environment. 
 is Vacumm EMRI.  is EMRI-EE coupling. 

= q = m2/m1 ≪ 1 = ϵ

Tμν = Te
μν + Tp

μν

gμν = g(0,0)
μν +ϵg(0,1)

μν +qg(1,0)
μν +qϵg(1,1)

μν

Te
μν = ϵTe

μν
(0,1)+qϵTe

μν
(1,1)

Tp
μν = qTp

μν
(1,0)+qϵTp

μν
(1,1) (i, j) ≡ 𝒪(qi, ϵj)

(0,0) (0,1)
(1,0) (1,1)



•   ,   

•     ,       

•       

•           

•            

Teμ
ν
(0,1) = diag(−ρ(0,1), p(0,1)

r , p(0,1)
t , p(0,1)

t )

g(0,1)
μν = diag( − f H,

2
rf 2

m , r2, r2 sin2 θ)
m′￼ = 4πr2ρ
r2f2

2
H′￼= m +4πr3f pr

p′￼r =
2
r

pt +
(3M − 2r)

r2f
pr −

M
r2f

ρ

𝒪(0,1)



•  ,     ,       

•          

•                

•    

•  

• , and same for tangential pressure. SD PRD 109 (2024) 10, 104042

δgμν = g(1,0)
μν + g(1,1)

μν δgμν(xα) = gA
μν(xα) + gP

μν(xα)

δgA
μν ∼ i h1,ℓm(t, r) cℓm(θ, ϕ)− h0,ℓm(t, r) c0

ℓm(θ, ϕ)

δgP
μν ∼ − gtt H0,ℓm(t, r) −i 2 H1,ℓm(t, r) +grr H2,ℓm(t, r) + Kℓm(t, r)

ρ = ρ(r)+ ρ(1,1)(t, r, θ, ϕ)

ρ(1,1) ∼ ρ(1,1)
ℓm (t, r)Yℓm(θ, ϕ)

p(1,1)
r,ℓm = c2

r,ℓm(r) ρ(1,1)
ℓm

+𝒪(1,0) 𝒪(1,1)



•  

•  ,       

•        

•  depends on same functions.

ut(1,0) ∼ H(1,0)
0,ℓm(t, r)

ur(1,0) ∼ W(1,0)
ℓm (t, r)

uθ(1,0) ∼ [V(1,0)
ℓm (t, r) ∂θ− U(1,0)

ℓm (t, r) csc θ∂ϕ]Yℓm(θ, ϕ)

uϕ(1,0)

Velocity perturbation



•  

• where  . 

• ,               Cardoso+ 2019, Hatsuda+ 2024 

•  

−∂2
t Φ + ℱ∂r (ℱ∂rΦ) − ℱVΦ = 0

ℱ = AB = (1 −
rh

r ) Z(r)

ϕ = ZΦ Z(r) = [1 + δZ(r)]

−(1 + 2δZ)
∂2ϕ
∂t2

+ f
d
dr (f

dϕ
dr ) − f Ṽϕ = 0

How to choose  : exampler*



•  

•  

•       , 

•       , 

• For frequency domain,   

• Flux  

ϕ̄ℓm ∼ − h1,ℓm

δZ(r) =
H(r)

2
−

m(r)
rf

[∂2
r⋆

− ∂2
t − VA] ϕ(1,0)

ℓm (t, r) = SA(1,0)
ℓm (t, r)

[∂2
r⋆

− ∂2
t − VA] ϕ(1,1)

ℓm (t, r) = SA(1,1)
ℓm (t, r)

∂t → − iω

∼ ℱV+ ∼ ϕ(1,0)
ℓm ϕ(1,1)*

ℓm + . . .

Axial



•        
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∂tKℓm(t, r) = α χ̄ℓm(t, r) + β R̄ℓm(t, r)

H1,ℓm(t, r) = γ χ̄ℓm(t, r) + δ R̄ℓm(t, r)

Polar



•        

•       

∂tKℓm(t, r) = α χ̄ℓm(t, r) + β R̄ℓm(t, r)

H1,ℓm(t, r) = γ χ̄ℓm(t, r) + δ R̄ℓm(t, r)

Polar



•        

•       

∂tKℓm(t, r) = α χ̄ℓm(t, r) + β R̄ℓm(t, r)

H1,ℓm(t, r) = γ χ̄ℓm(t, r) + δ R̄ℓm(t, r)

Polar



•  

•  

• Scale by . 

•        

•           

∂tKℓm(t, r) = αχ̄ℓm(t, r) + βR̄ℓm(t, r)

H1,ℓm(t, r) = γχ̄ℓm(t, r) + δR̄ℓm(t, r)

δZ

∂2
r⋆

χ(1,0)
ℓm +(VP − ∂2

t ) χ(1,0)
ℓm = SP(1,0)

ℓm

∂2
r⋆

χ(1,1)
ℓm +(VP − ∂2

t ) χ(1,1)
ℓm = SP(1,1)

ℓm −(z1 + z2 f∂r) V(1,0)
ℓm −(z3 + z4 f∂r) W(1,0)

ℓm

Polar



•     ,  

•     , 

•    

• For frequency domain,   

• Flux   

κt∂t V(1,0)
ℓm +4πc2

t,ℓm ρ(1,1)
ℓm = SV

ℓm

κr∂t W(1,0)
ℓm +(w1 + w2 f∂r) ρ(1,1)

ℓm = SW
ℓm

(∂2
r⋆

− c−2
r,ℓm∂2

t + Vρ + γ1∂r⋆
) ρ(1,1)

ℓm = Sρ
ℓm

∂t → − iω

∼ ℱV+ ∼ χ(1,0)
ℓm χ(1,1)*

ℓm + . . .

Matter perturbation



• We consider generic matter configuration. 

• Multiparameter approach provides wave equation 
for Polar sector too. 

• 2- sets of equations with same operator but different 
sources in each sector. 

• Flux modifies.

Take home


