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Any gravitational field theory is formulated in an action and

1
S— ﬂ/\/:g [R —2A] dx* + Sm (GR)
most of them reduces to General Relativity, the gravitational Paradigm of our time.
R
Ry — o G + NG, = 78:4G T (Field Equations)

We aim at the extraction of analytical solutions with physical and mathematical interest.

K K R 87 G
= _I-f;[l.,p + rl))\p.,p, - rkurgp + r/\prﬁ,u - gpu(z - /\) = 7 T,uu
» _ 8~
O r/)\# = 2 (gAV,M + 8uv,x — gxu,u)

To overcome the non-linearity and extract a solution is required the employment:
m An appropriate formalism to encode physical or geometric information

m Additional mathematical assumptions, such as symmetries




Introduction - Newman-Penrose Formalism

ds® = g, dx"dx” = 2(0'0* — 0°6*) (NP metric)
The metric of NP formalism * can be described by a pseudo-orthonormal null basis
0 = n,dxt; 0% = I,dxH; 03 = —mudx”; 0% = —mydxH; (fun* =1 = —m,m")
with directional derivatives (dual basis) Orthogonality Properties

D=1["0,; A=n"0y; §=mMou; §=m'oy;

1E.T. Newman, R. Penrose, J. Math. Phys. 3, 566 (1962)
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ds® = g, dx"dx” = 2(0'0* — 0°6*) (NP metric)
The metric of NP formalism * can be described by a pseudo-orthonormal null basis
0 = n,dxt; 0% = I,dxH; 03 = —mudx”; 0% = —mydxH; (fun* =1 = —m,m")
with directional derivatives (dual basis) Orthogonality Properties

D=1["0,; A=n"0y; §=mMou; §=m'oy;

A derivation on null basis reveals the 1-forms and the 12 complex scalar spin-coefficients
do* = —I,0" A6”

= —n,.,mtmY = —
A= —ny,mtm 232 o mEmt =T
v o pivm-m 141
= lpppm™m” = T1a2 S V=
B e H=—nuw = —T231
T = —nypymlT = —T234
' T = lyymtn® =T
_ wv _ v 143
K = lpm™ 1" =T14a »
v=—ny,m'n’ = —T233
o 1 nov vy 1
B = =(pwnm” —my,m*m”) = —(F3a1 — M211) 1 o By
2 2 o= E(/;A,;u" MY — my,mtm’) = E(ruz —l122)
1 1
€= =(luun*l” — mu,mt 1) = —(T3aa — T214) 1 m . 1
> 2 v = E(/‘L;Vn n” — my.,m'n") = E(r433 —l123)

1E.T. Newman, R. Penrose, J. Math. Phys. 3, 566 (1962)




Introduction - Newman-Penrose Formalism

Commutation Relations (CR) - Lie brackets of the null tetrads

[n*, I#] = [A, D] = (y +7)D + (e + &)A — (7 + 7)d — (T + 7)§ (CR1)
b+6,Dl=(a+a+B+B—n—7)D+(k+R)A—(p+e—8)d—(p—e+&)S (CR24)
6-6,D=(—a+a+B—B+nm—7)D+(k—R)A—(p+e—d+(p—e+85 (CR2_)
[6+8,A]l=-(v+D)D+(r+7-—a-a—B-B)A+(—7v+7)5+(E+v—7)5 (CR3,)
[6—6,Al=-(v-D)D+(r—F+a-a—B+B)A+(n—7v+7)0—(G+v—7)5 (CR3.)

[6,6] = —(u — B)D — (p — P)A + (a — B)5 — (a — B)6 (CR4)
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Commutation Relations (CR) - Lie brackets of the null tetrads

[n#, 1#] = [A, D] = (y + 7)D + (e + DA — (x4 7)5 — (7 + )3

[6—6,D] =

A

6-6Al=-(v-—D)D+(r—F+a—a—B+pB)A
16,81 = —(u — WD — (o — DB + (o — A)S — (@— B)S

Weyl Scalars Real Ricci Scalars
Yy = CﬁAuyn”mAn“m” dgp = %R,wn“n”
V1 = Conpwn™ P ntm” ®11 = IRu (n*1” +mHm")

Yy = Conpwn™m*mt 1"
W3 = Conpw ™0™ 1M m”

Uy = Corp"m™ M

4

¢22 = %RN,//“/U

Complex Ricci Scalars

®o1
®o2
o3P

2

% Ruym*m”

LRI m”

2

§+5,Dl=(a+a+B+B—7m—F)D+(k+R)A—(p+e—8&d5—(p—e+&)3J
—at+a+pB—B+mr—7)D+(k—R)A—(p+e—E5+(p—e+&)3d
[6+5,8l=—(w+2)D+(t+7—a-a-B-B)A+(p—7v+7)5+ (B+v—7)8

+ =7+ = (E+v—7)8

1 LoV
SRuun*m

(CR1)
(CR24)
(CR2_)
(CR3,)
(CR3_)

(CR4)



Introduction - Newman-Penrose Formalism

Newman-Penrose Field Equations (NPE) of the formalism in vacuum with A
Dp — &k = p? + 05 + p(e + &) — Rt — 5 [2(a + B) + (o — B) — 7]

Sk —Do=—(p+p+3e—ea+r[r—a7+2a+8)—(a—B)]-V
Dr =Ax+p(t+7)+o(r+7T)+7(c — € — 26y — k(v +7)+ V1
Dv— Am = p(m +7) + XN(F+7) + (v — ) — 2ve —v(e+ &) + V3

§m — DX = —7(m +a — B) — Gu+ vi + A(3e — §)
ST — Ao =po+rp+7(Tr—a&+pB)—o(3y—7) — vk
Dp—én=pp+or+n(7d —a+B)— ple+ &) — kv + Vo +2A
v —Dp=pulp+y+3)+ AN — o +v(r —2(a+B)+ (a— B))
Dp— 67 =—(Gp+0oX)—T(F+a—B)+vs+p(y+7)— Va2 —2A
5p — 80 = p(a@+B) —o(Ba — B) + 7(p — p) + r(p — i) — V1
S — A = —p(a+B) —w(n — ) —vip — p) — (@ —38) + V3
Da — 8e = a(p + &€ — 2¢) + 86 — Be — kA — Ry + (e + p)
DB —éde=o(a+m)+B(p— € — r(p+7) —e(@—7)+ Vg
Aa— by =v(e+p) = A7+ B)+a(y — i) +v(B —7) - V3
—AB+ Sy =T —a—B)+pr —ov—ev — By —F — p)
ba— 8B =pp—or+a(@—B)—Bla—B)+v(p—p) +elp—R)— V2 +A
Dy—Ae=a(r+7)+B(T+7)—v(e+& —e(v+F)+ Va2 —A— kv +7m
Su—AX=Ap+a+3y—F)—v[2a+B)+(a—B)+m— 7]+ Vs

(2)
(b)
(c)

(g)
(p)
(h)

(a)
(k)
(m)
(d)
(e)
(r)
(o)
(1
(f)
@)



Introduction - Petrov-Pirani types: Canonical forms of Weyl tensor

Petrov-Pirani classification is an invariant characterization of the gravitational field? 3

Weyl components ‘ Petrov Types

non-mathematically tractable Type |
W, #0 Type D
VoW, #0 Type Il
W, or Vg #0 Type N
Wy or U3 #0 Type IlI

2Petrov, A.Z. (1954). Uch. Zapiski Kazan. Gos. Univ. 114 (8): 55-69.
3Pirani, F. (1956), On the physical significance of the Riemann tensor, Acta Physica Polonica, 15: 389—-405

4J. B. Griffiths, and J. Podolsky, Cambridge University Press, (2009)
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Petrov-Pirani classification is an invariant characterization of the gravitational field? 3

Weyl components ‘ Petrov Types

non-mathematically tractable Type |
W, #0 Type D
VoW, #0 Type Il
W, or Vg #0 Type N
Wy or V3 #0 Type Il
The most known form of type |
VoW, # (3W,)3 WoW,W, £ 0
Other versions of type D *
VoW, = (3V,)? WoWoW, # 0
2LV, = 3W3 WoWsW, £ 0

2Petrov, A.Z. (1954). Uch. Zapiski Kazan. Gos. Univ. 114 (8): 55-69.
3Pirani, F. (1956), On the physical significance of the Riemann tensor, Acta Physica Polonica, 15: 389—-405

4J. B. Griffiths, and J. Podolsky, Cambridge University Press, (2009)




Introduction - Spacetimes with hidden symmetries

We are interested in spacetimes with hidden symmetries:

m Conjecture of physical significance: There are closed trajectories®.

m Separability of the Hamilton-Jacobi action resulting in integrable geodesics®,”.

m Transformation of the under-determined system of equations (Einstein’s Equations, Bianchi
Identities) to an over-determined one.

5Krug|ikov, B. and Matveev, V. S, Nonlinearity, 29,6, 1755 (2016)
6Eisenhart, L.P.: Separable systems of Stickel. Annals of Mathematics, 284—305 (1934)

7Kalnins, E.G., Miller, W. Jr: Killing tensors and variable separation for Hamilton-Jacobi and Helmholtz equations.
SIAM Journal on Mathematical Analysis 11(6), 1011-1026 (1980)
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Introduction - Spacetimes with hidden symmetries

We are interested in spacetimes with hidden symmetries:

m Conjecture of physical significance: There are closed trajectories®.

m Separability of the Hamilton-Jacobi action resulting in integrable geodesics®,”.

m Transformation of the under-determined system of equations (Einstein’s Equations, Bianchi
Identities) to an over-determined one.

This is achievable by assuming the existence of a non-trivial Killing-Stéckel tensor!
Kuvia) = 0 & K = K" pupy (1)
The geodesic flow is a Hamiltonian system on the cotangent bundle
= g"" pupy (HJ equation)

where p,, are the coordinates or equivalently the canonical momenta.

5Krug|ikov, B. and Matveev, V. S, Nonlinearity, 29,6, 1755 (2016)
6Eisenhart, L.P.: Separable systems of Stackel. Annals of Mathematics, 284—305 (1934)

7Kalnins, E.G., Miller, W. Jr: Killing tensors and variable separation for Hamilton-Jacobi and Helmholtz equations.
SIAM Journal on Mathematical Analysis 11(6), 1011-1026 (1980)




Introduction - A classical example of hidden symmetry

In classical physics the typical example of hidden symmetry is the conserved
Laplace-Runge-Lenz vector along a geodesic in Kepler's problem

assuming the existence of a Killing-Yano or Penrose-Floyd Tensor f,,5 ©

(K = 0" o

8Fro|ov, V.P., Krtous, P., Kubiznak, D., Living Rev. Relativ. (2017) 20: 6
9T Papakostas. Space-times admitting penrose-floyd tensors. General relativity and gravitation, 17:149-166, 1985.
10C D Collinson. Special quadratic first integrals of geodesics. Journal of Physics A: General Physics, 4(6):756, 1971.
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Introduction - A classical example of hidden symmetry

In classical physics the typical example of hidden symmetry is the conserved
Laplace-Runge-Lenz vector along a geodesic in Kepler's problem

assuming the existence of a Killing-Yano or Penrose-Floyd Tensor f,,5 ©

(K = 0" o

Algebraically general solutions do not admit Killing-Yano or Penrose-Floyd tensors®,*°.

8Fro|ov, V.P., Krtous, P., Kubiznak, D., Living Rev. Relativ. (2017) 20: 6
9T Papakostas. Space-times admitting penrose-floyd tensors. General relativity and gravitation, 17:149-166, 1985.
10C D Collinson. Special quadratic first integrals of geodesics. Journal of Physics A: General Physics, 4(6):756, 1971.
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Canonical Killing tensor forms

In canonical coordinates in phase space an integral of motion is described as follows

{K,H} =0

The existence of KT provides us with spacetimes with explicit and hidden symmetries.

K(x,p) = K¥pu+ K" pup, + K*° pupups + K**7pupupop, + ...
e

explicit hidden hidden hidden

where the function IC is called polynomial of momenta.

IISadeghian S., Phys. Rev. D, 106, 10 (2002).
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Canonical Killing tensor forms

In canonical coordinates in phase space an integral of motion is described as follows

{K,H} =0

The existence of KT provides us with spacetimes with explicit and hidden symmetries.

K(x,p) = K*pu + K" pupv + K" pupups + K7’ pupupopp + ...
e
explicit hidden hidden hidden

where the function IC is called polynomial of momenta.

The components of /C called Stickel-Killing tensors and satisfy the Killing equation®*.

m Killing vector is a 1-rank Killing tensor and concerns explicit symmetries
Kiio) =0 (KV)

m Killing tensor is a 2-rank Killing tensor and concerns hidden symmetries

Kluvia) =0 (KT)

IISadeghian S., Phys. Rev. D, 106, 10 (2002).

9]



Canonical Forms of Killing Tensor

In line with Churchill ** we obtained the Canonical forms of Killing tensor *3,

Canonical Forms

Eigenvalues

0 A1 —p  —P
A 0 0 0
Ki=|20 o a2 A1, Az, Az, —(A2 £ A7)
—p 0 A2 A7
Ao A1 0 0
A 0 0 0
Kllw = 01 0 A7 s A1, A1, —(A2 £ A7)
0 0 A2 A7
Ao A1 0 0
A A 0 0
= KZ, = 01 0° Nr Xo £ A1, —(A2 £ A7)
0 0 A2 A7
Yo o o o
5 M —X O O )
Kiv =10 0 P Ao £ir1, —(A2 £ A7)
0 0 X2 A7

K?, is the most general canonical Killing tensor form with four distinct eigenvalues

K2, = Mo(0'®0'+0°R6%)+ M1 (0' @0° +6° 20" )+ X2(0° 20° +6* 26°%)+ 1 (8° 0° +6* 26*)

12Churchi|l R. V., Trans. Amer. Math. Soc. 34, 784 (1932).
S Kokkinos, D., Papakostas, T. The Study of the Canonical forms of Killing tensor in Vacuum with A. Gen Relativ

Gravit 56, 134 |2024|




Null tetrads transformations - Implication to the structure

The Structure consists of g, and KEW

K2, = 200" @0 + PP ®6%) + \(F* @62 + 2 @0") + Xa(P @0° + 0* @ 0%) + A (02 @ 0° + 6* @ 6*)

gW:§1®§2+§2®51_§3®§4_§4®53

14R. Penrose & W. Rindler, Spinors and space-time, Vol 1, Cambridge University Press, 1984



Null tetrads transformations - Implication to the structure

The Structure consists of g, and KEW

K2, = 200" @0 + PP ®6%) + \(F* @62 + 2 @0") + Xa(P @0° + 0* @ 0%) + A (02 @ 0° + 6* @ 6*)

gW:§1®§2+§2®51_§3®§4_§4®53

General Symmetric Anti-symmetric
01 — e (0" + ppo? + 56> + po* 61 — e0? Gt — e6?
pb 2 p ) 0
62 — & 02 Qz — e6? 9~2 — et
63 — e=b(63 + p6?) 6% — 03 63 — e0*
04 — & (6* + p6%) 6% — e0® 6% — €63

Null Rotation around 62

Visualization of the transformations effects on a Riemannian sphere.14

14R. Penrose & W. Rindler, Spinors and space-time, Vol 1, Cambridge University Press, 1984



Null tetrads transformations - Implication to the structure

The Structure consists of g, and K2, with A7 =0

K2, = XMo(0' @ 01 + 6% ® 6%) + M (01 © 0% + 62 ® 0%) + X2(0° ® 6* + 0° ® 63)

g,u.u:§1®52+§2®§1*§3®§4*§4®53

General'® Symmetric e Anti-symmetric i

i ot G et Gt = ep?
62 — 02 62 — e0? 62 — e0*
0> — e~ 63 0> — €63 6> — e6®
0% — e o4 0% — e0* 0% — e6®
&:e_Zibo, S\:e_-‘j'.bA oc+ex=0 o+eX=0
7= ek, v =eTy Kk+ev=0 Kk+er=0
F=e r, -F::e'br m™+er =0 w4 er =0
&:e—ib(a+é<2i)) at+eBf=0 a+e[_3:0
~ ib 5(ib) n+ep=0 n+ep=0
B=e"B+ =) et+ey=0 e+ey=0
€E=¢€+ D(2/b)

- A(ib

5 =y + &)

15

D. Kokkinos and T. Papakostas, Gen. Relativ. Gravit. 56, 134 (2024).
16R. Debever and R. G. McLenaghan, J. Math. Phys. 22, 1711 (1981).
175. R. Czapor and R. G. McLenaghan, J. Math. Phys. 23, 2159 (1982).




Petrov Type D Solution - Characteristics

Our solution admits Ki,, with Az = 0 and described by
c=A=p=p=a+pf=k+v=n+T=e=7=0
RV =TT
Wy =Ws=Wo— W) =Wy —A=0
VoW, = 9\!/% = const

185. Chandrasekhar and B. C. Xanthopoulos. Proc. Royal Soc. London. A. Mathematical and Physical Sciences,

408(1835):175—-208, (1986
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Two null rotations around n* and /* take us to the privileged null tetrad frame'®
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408(1835):175—-208, (1986



Petrov Type D Solution - Characteristics

Our solution admits Ki,, with Az = 0 and described by

c=A=p=p=a+pf=rk+iv=n4+T=e=7=0
KV =TT
Vi =V3=Vy—-V; =V, —A=0
VoW, = 9W2 = const

Two null rotations around n* and /" take us to the privileged null tetrad frame

b =A= p=p =h=0D=42=%=0
N—— —— N———
shearless non—diverging geodesic
\Tllz A3=¢'o=‘j/4=0
U, = —2A

19R. Debever, BulL Soc. Math. Belg. XXIII, 360 (1971)
20J. F. Plebanski, and M. Demianski, Ann. Phys., 98 (1976)



Petrov Type D Solution - Characteristics

Our solution admits Ki,, with Az = 0 and described by

c=A=p=p=a+pf=rk+iv=n4+T=e=7=0
KV =TT
Vi =V3=Vy—-V; =V, —A=0
VoW, = 9W2 = const

Two null rotations around n* and /" take us to the privileged null tetrad frame

b =A= p=p =h=0D=42=%=0
N—— —— N———
shearless non—diverging geodesic
\Tllz A3=¢'o=‘j/4=0
U, = —2A

Our solution belongs to Debever and Plebariski-Demianski family (Vacuum, A # 0

)19, 20
Goldberg-Sachs theorem does hold since A%, [ are geodesic and shearless.

19R. Debever, BulL Soc. Math. Belg. XXIII, 360 (1971)
20J. F. Plebanski, and M. Demianski, Ann. Phys., 98 (1976)



Petrov type D solution - Cosmological models with constant curvature

All spacetimes with constant curvature can be expressed as 2! 22

ds® = Q4 [Zz(xl,gl)dt2 = dxlz} — [Zz(xz,gz)dz2 + dxzz] (General Metric)

where ¥?(x;, g;) is represented by sin(x;) or sinh(x;) with gi = —1,0, +1 and Q; = const.

2]'H. Stephani, D. Kramer, et.al, Exact Solutions of Einstein’s Field Equations, Cambridge University Press, (2003)
22Schmidt, B.G., Gen. Rel. Grav., 2, 105 (1971)

23 Kokkinos D. and Papakostas T. Carter's case [D] admits the second canonical form of the Killing tensor (2023)
(Unpublished)

s



Petrov type D solution - Cosmological models with constant curvature

All spacetimes with constant curvature can be expressed as 2! 22

ds® = Q4 [Zz(xl,gl)dt2 = dxlz} — [Zz(xz,gz)dz2 + dxzz] (General Metric)

where ¥?(x;, g;) is represented by sin(x;) or sinh(x;) with gi = —1,0, +1 and Q; = const.

Our spacetimes describe cosmological models with radius R. = %: 13.654 billion lys

6A
1
ds? = A [sin®(x) Cdt® — dx* — sin®(y)Cdz® — dy?] (Nariai A > 0; C > 0)
1
ds® = - [sinh?(x) Cdt? — dx? — sinh?(y)Cdz? — dy?] (anti-Nariai A < 0; C > 0)
g s
1
ds? = 0 [cosh?(x)|C|dt? — dx? — cosh?(y)|C|dz? — dy?] (anti-Nariai A < 0; C < 0)

it can be easily transformed to de Sitter, Carter’s Case [D]?3, chargeless Robinson-Bertotti
universe.

2]'H. Stephani, D. Kramer, et.al, Exact Solutions of Einstein’s Field Equations, Cambridge University Press, (2003)
22Schmidt, B.G., Gen. Rel. Grav., 2, 105 (1971)

23 Kokkinos D. and Papakostas T. Carter's case [D] admits the second canonical form of the Killing tensor (2023)
(Unpublished)

s



Petrov type D solution - Killing tensor and Hidden symmetry

The Killing tensor of spacetime with A > 0; C > 0 is given

Ao + A1 = Ay —sin“(x) — A
S, X
0 1 +/\ 2

Xo + A1 0 0 0
2 0 Ao — A 0 0 C 2
K, = 9 °0 7t o Ao = A1 = A —sin®(y) + A2
0 0 0 =%

A2 = const




Petrov type D solution - Killing tensor and Hidden symmetry

The Killing tensor of spacetime with A > 0; C > 0 is given

Ao + A1 = Ay —sin“(x) — A
Si X
0 1 +/\ 2

Xo + A1 0 0 0

2 0 Ao — A 0 0 C >

K3, 9 © L e & )\of>\1:)\,6—/\sm (v) + X2
0 0 0 —X2

A2 = const

The general expression of the hidden symmetry of our type D solution is given

K=K"pupy =




Petrov type D solution - Killing tensor and Hidden symmetry

The Killing tensor of spacetime with A > 0; C > 0 is given

Ao + A1 = Ay —sin“(x) — A
Si X
0 1 +/\ 2

Xo + A1 0 0 0

2 0 Ao — A 0 0 C >

K2, = 9 © a L e & )\of>\1:)\,6—/\sm (v) + X2
0 0 0 —X2

A2 = const

The general expression of the hidden symmetry of our type D solution is given

’ 1 (E + L)2 (E— L) 1 E2 L2
’C:K“’Pupuzi[ 2 O T 6[A[A2 crimac sl B i cpr vy
2 | A 6/\sln (y) + A2 A+ grsin?(x) — A2 6|A| A2 6/\5'" (x) 6/\sln (v)

where by equations of motion we get the canonical momenta to be

1 £2 1/2 1 12 1/2
w = | E, —L, —— — K -—2m , _
Py ’ \/12\/\\ |: C sin2(x) r rn:| V12|A| |:’C %sinz(y)}
Choosing now y = m/2 (Azimuthal plane) we get the hidden symmetry

5 6/
c
which is analogous to L2 as exprected by the Carter's constant.

6

K= IlF=




Petrov type | solution- Characteristics and consideration of A < 0

The characteristics of our type | solution are given
c=A=p=p=a+B=k+i=n+T=€e=~v=0

Wy =Wz =WVo—V,; =V — V) =0

oWy # 9W2




Petrov type | solution- Characteristics and consideration of A < 0

The characteristics of our type | solution are given
c=A=pu=p=a+B=Kk+P=T1+T=e=7=0
Wy =Wz =WVo—V,; =V — V) =0
oWy # 9W2
At a first glance our metric for A < 0, can be considered as a time-dependent generalization of

tanh <§,/°"“ [lax + Mz {2572
2

ds® — > [[A(t)dt +dz)? — |Kix + Ka

1 /e\/\\ [K1X+K le+y]

Vix+y

2 2
va } [B(t)dt + dz] ]

dx 2 Vy dx+dy 2
(30 + A5

/\
cosh2 (%@/ Q| [I'I1X+ M2 11X+y}>




Petrov type | solution- Characteristics and consideration of A < 0

The characteristics of our type | solution are given
c=A=pu=p=a+B=Kk+P=T1+T=e=7=0
Wy =Wz =WVo—V,; =V — V) =0
oWy # 9W2
At a first glance our metric for A < 0, can be considered as a time-dependent generalization of

tanh <%@/ QR [H1X+ Ma V1X+y
2

ds® — > [[A(t)dt +dz)? — |Kix + Ka

1 6\/\\ Vaxty
1,/54 {K:_x-f—K 7V1]

Vix+y

2 2
Vi } [B(t)dt + dz] ]

(@)2 + ( Vldx+dy )2
2

cosh2 (%@IGW [I'I x + Mz ‘1/1_X\4;1Y}>

the general stationary axisymmetric spacetime where v, w, x depend on r, z alone

ds® = ¥ (dt + adp)? — e®*d¢? — e®*(dr? + dz?) (1)
or as a generalization of the non-static cylindrical line element
ds? = —e?¥(dz + adp)? — e d¢? — e**(dr® — dt?) (2)

which is obtained by t - iz; z—it; «a— i«




Petrov type | solution - A brief analysis of Weyl scalars

Taking a closer look we can set V4 = 0; Ny = IN2; K1 = K> and implying

X+y X—y
z — @ 5 —=> r; >

with ranges t,z € (—o0, +00), r € (0,400), ¢ € [0,27) our metric results in

M| tanh (\/6\/\|r)
52 = Rl {Az(t) = (2K1r)sz(t)} di? +2 [A(t) = (2K1r)zB(t)] dtdg — [(2;@)2 = 1} dg?

8t Ebp
dr? + dz?

B 2 cosh? (\/Wr)

8tt




Petrov type | solution - A brief analysis of Weyl scalars

Taking a closer look we can set V4 = 0; Ny = IN2; K1 = K> and implying
xX+y X—y

—r;

2 2

with ranges t,z € (—o0, +00), r € (0,400), ¢ € [0,27) our metric results in

z = ¢;

My tanh (/6]A
ds? = % {Az(t) = (2K1r)sz(t)} di? +2 {A(t) = (2K1r)zB(t)] dtdg — [(2K1r)2 = 1} dg?
1V L ——

8tt 8t Epop
dr? + dz?
2 cosh? (\/6\/\“)
6/A cosh? /6]A[r
2V, = —2|A| — A = Al — Yy — —oo (Curvature Singularity)
tanh2 \/6|A[r 4r2 r—0t,+oo
3|A|sinh? (21/6]A[r
Vou, = AN GO WoWa — +oo
8r2 r—+oo




Petrov type | solution - A brief analysis of Weyl scalars

Taking a closer look we can set V4 = 0; Ny = IN2; K1 = K> and implying

X+y X—y
— r;
2 2

= =

z = ¢;
with ranges t,z € (—o0, +00), r € (0, +00), b € [0,27) our metric results in

[Ny | tanh (\/6]A]
5% = #\/ﬁrr) {Az(t) = (2K1r)sz(t)} dt? +2 {A(t) = (2K1r)zB(t)] dtd¢ — [(2K1r)2 = 1} de?

&att &t 8o
dr? + dz?

- 2 cosh2 (\/Wr)

To determine the curvature singularities we have to consider Kretschmann scalar
K o< Re{l(r)} = WoWy + 33

|A| =0.05 m—2

Al =0.1 m2
9




A brief Analysis - Conformal factor and reduction in vacuum

We can introduce a regular conformal factor Q2(r) and its limit to r — +oo indicating the
asymptotically flat character of our spacetime.

> |Mz] tanh (v/6Ar) |K1|VBAr  dr? + dz?
2 — _

[A(t)dt + dop)® — (2K1r)? [B(t)dt + d¢]*

|Ki|  V6Ar [My] sinh(2\/6|/\\r)
ol Y
Q2(r)

24N. Ozdemir, Int.J.Mod.Phys.A 20 (2005) 2821-2832




A brief Analysis - Conformal factor and reduction in vacuum

We can introduce a regular conformal factor Q2(r) and its limit to r — +oco indicating the
asymptotically flat character of our spacetime.

> |Mz] tanh (v/6Ar) 2 |K1|VBAr  dr? + dz?
2 — _

[A(t)dt + dp)® — (2K1r)? [B(t)dt + d¢

|Ki|  V6Ar [My] sinh(Z\/6|/\\r)
ol Y
Q2(r)

Limitation to Vacuum (A — 0)

ds® = % [A%(6) — (2Kan*B2(1)] ot + do + 2 [A(t) — (2Kar)?B(1)| dtde — [(2Kan)? — 1] dg® | - (ar + dz*)
1
N— ——
8tt 8t Epop

Considering?* the mass per length to be equal to m = %

dictates that

~ 102 the signature preservation
1
r>——a10"% |
2|K1|

At last, in vacuum limit it reduces to a non-stationary rotating cosmic string-like with curvature
singularity.
lim Uy —» —— lim WoWy — 0
A—0 8r2 A—0
24N. Ozdemir, Int.J.Mod.Phys.A 20 (2005) 2821-2832




Summary & Conclusions

m We start a conversation about the preferability of null tetrads transformations upon a
structure (guw, Kuv)-

m Employing the most general null tetrads transformation we proved?® that:

» The null rotation is not applicable to a structure which incorporates the Canonical
Killing tensor forms.

» Applies constraints on Killing tensors.

» The implication of the general null tetrad transformation results in either a boost or a
spatial rotation and it produces algebraically special solutions only.

m Assuming the Kﬁy with A7z = 0 we obtained a Petrov type D solutions which describes a
general family of spacetimes with constant curvature regarding Nariai and
anti-Nariai,Robinson-Bertotti, Carter’s Case [D], de-Sitter and anti-de-Sitter in vacuum

with A.

m On the other hand, assuming again the Kﬁy with A7 = 0 we extract a Petrov type | solution
with the exact same spin coefficients employing the antisymmetric null tetrad
transformation.

m This spacetimes results in an asymptotically flat rotating cosmic string-like spacetime
with a curvature singularity at the axis.

25D. Kokkinos and T. Papakostas Gen. Relativ. Gravit. 56, 134 (2024)




Thank you for your Attention!




Additional Slides - Killing equations

DXo = 2)Xo(e + &), (3)

Ao = —2Xo(y +7), (4)

Sdo =2[do(@+ B+ 7) — k(A1 + A2) — A7, (5)
o =2[-Xo(@+ B +7)+ gi(M1 + A2) + qur7], (6)
DX1 = 2Xo(7 + 7), (7)

AX1 = —2qXo(e + &), (8)

oA = —qXo(k — g7) + (A1 + A2)(F — 7) + Ar(m — 7), (9)
D2 = Xo(p + i) — (A1 + A2)(p+ p) — A7(0 +5), (10)
AXz = —qlo(p+ p) + (A1 + X2) (1 + i) + Az(A + X), (11)
52 = 2(a — B)A7, (12)

D7 =2[XoX — (M1 + A2)G — A7(p+ e — )], (13)
ANz = —2[qXoF — (A1 + X)X + A7 (y — 7 — @)] s (14)
A7 = —2\7(a — B). (15)



Additional Slides - Key equations

Yy, — A\ = kv — 7, (i

Wy — A= pp— o\, (iii

pur —ov = 0. (iv

)
Vi =Kk — o, (i)
)
)




Additional slides - solutions

Table: p—p=0=p+p

p=0#V, p+p=0=WV, ptp=0=V,
Type D Type N Type N
KV = T v=0=mnT k=0=nT
VoW, = W52 Vo #0 W, £0
Wi=W3=0 WV;=Wpy=W3=W;=0 WYo=W;=U,=W3=0
dX2 =0 dX2 =0 d\2 =0

Table: p—p=0#p+p

Type N Type N Type N Type N Type N Type N
v=0=7 v=0=n kK=0=7 kK=0=7 v=n=7=0 kK=m=7=0
Wo#0  Wi#0  Wo#0 W #£0 Wo #0 Vs #0
dX2 #0 dX2 #0 dX2 #0 dX2 #0 dX2 #0 dX2 #0

NES



