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Overview
1) Extended gravitational theories - F(R) gravity

2) Static and spherically symmetric solutions

3) Regularity, event horizon and asymptotic flatness

4) Instability of Schwarzschild spacetime

Bonus:

- The case of a single metric function

- Black hole thermodynamics

- Quasinormal modes

Conclusions...



1) Extending GR ! F(R) gravity

� =
1

16�

Z
dx4p�g R ! General Relativity

- Orbits X

- Gravitational lensing X

- Gravitational waves X

- Many more... X
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Z
dx4p�g R ! General Relativity

- Orbits X

- Gravitational lensing X

- Gravitational waves X

- Many more... X

- Singularities ✗

- Dark matter ✗

- H0 tension ✗

- Inflation ✗
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1) Extending GR ! F(R) gravity

� =
1

16�

Z
dx4p�g (R + F (R)) ! F(R) gravity

2/9



1) Extending GR ! F(R) gravity

� =
1

16�

Z
dx4p�g (R + F (R)) ! F(R) gravity

Inflation, H0 tension, ...

2/9



1) Extending GR ! F(R) gravity

� =
1

16�

Z
dx4p�g (R + F (R)) ! F(R) gravity

Inflation, H0 tension, ... Dark matter(?), Dark energy(?), ...

2/9



1) Extending GR ! F(R) gravity

� =
1

16�

Z
dx4p

� g (R + F(R)) ! F(R) gravity

What about black holes? Most of literature is associated with
constant scalar curvature solutions (GR solutions)...
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1) Extending GR ! F(R) gravity

� =
1

16�

Z
dx4p

� g R ! � =
1

16�

Z
dx4p

� g (R + F(R))

w
w
•

Field equations acquire extra terms

R�� �
g��

2
R + R�� FR �

g��

2
F + ( r � r � � g�� � ) FR = 0

Constant scalar curvature solutions R = R0 make the last term vanish,
and one recovers GR solutions :)
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2) Static and spherically symmetric solutions

We will focus in SSS spacetimes, with line element of the form

ds2 = � B(r )e' (r )dt2 +
1

B(r )
dr2 + r2d
 2

There are only 2 independent field equations

Rtt �
gtt

2
R + Rtt FR �

gtt

2
F + ( r t r t � gtt � ) FR = 0

Rrr �
grr

2
R + Rrr FR �

grr

2
F + ( r r r r � grr � ) FR = 0

9
=

;
! (B(r ) ; ' (r ))

4th order equations, and second order derivatives inside each F!
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2) Static and spherically symmetric solutions

ds2 = � B(r )e' (r )dt2 +
1

B(r )
dr2 + r2d
 2

We take a slightly different view of the equations to solve them

Rtt �
gtt

2
R + Rtt FR �

gtt

2
F + ( r t r t � gtt � ) FR = 0

Rrr �
grr

2
R + Rrr FR �

grr

2
F + ( r r r r � grr � ) FR = 0

R �
4 � 2r2B00� rB0(3r ' 0+ 8) � B(2r2' 00+ ( r ' 0+ 2) 2)

2r2 = 0

9
>>>>>=

>>>>>;

! (R(r ) ; B(r ) ; ' (r ))
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2) Static and spherically symmetric solutions

' (r ) = ' 0 +
Z

dr
2r (1 + FR)00

2 + 2FR + rR0FRR

B(r ) =
e

R
dr Q(r )

r (1 + FR)2

 

c1 +
Z

dr
e�

R
dr Q(r ) P(r )

(1 + FR + 1
2rR0FRR)

!

9
>>>>>>>>=

>>>>>>>>;

=)

Analytic solutions!

(P(r ); Q(r ) are known
functions of F(R))

! All that remains to be solved is a second order equation for R !
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2) Static and spherically symmetric solutions

' (r ) = ' 0 +
Z

dr
2r (1 + FR)00

2 + 2FR + rR0FRR

B(r ) =
e

R
dr Q(r )

r (1 + FR)2

 

c1 +
Z

dr
e�

R
dr Q(r ) P(r )

(1 + FR + 1
2rR0FRR)

!

9
>>>>>>>>=

>>>>>>>>;

=)

Analytic solutions!

(P(r ); Q(r ) are known
functions of F(R))

! All that remains to be solved is a second order equation for R !

B(r ) ' 1 �
2M
r

+

R
r2F dr
2r

+
r (2M � r )R0FR + MFR

r
+ O(F2)
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3) Analytic Solution + Regularity + Horizon

ds2 = � B(r )e' (r )dt2 +
1

B(r )
dr2 + r2d
 2

These parts of the solution will depend on
finding the solution for R(r ), which itself
depends on the specific F(R) Lagrangian
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4) Instabilities
� = 1

16�

R
dx4p

� g (R + F(R)) ! ds2 = � B(r )e' (r )dt2 + 1
B(r ) dr2 + r2d
 2

Regardless of which F(R), if it has FRR(0) � 0 then this happens!

x �
r

2M

1 + r
2M

; !! r = 2M ! x =
1
2

r = 1 ! x = 1
8/9



Choose your
2 min. adventure :)
Bonus:

­ The case of a single metric function

­ Black hole thermodynamics

­ Quasinormal modes

Conclusions...



The case of a single metric function: ' (r) = 0

ds2 = � B(r )dt2 +
1

B(r )
dr2 + r2d
 2

More simplistic ansatz constrains F(R)

+

' (r ) = ' 0 +
R

dr 2r (1+ FR)00

2+2 FR+ rR0FRR
= 0 !! F(R(r )) = � 2� + �

Z
dr r R0(r )

+

Not every Lagrangian allows for a single metric function!

� and � are free parameters of the action
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The case of a single metric function: ' (r) = 0

We can find the solution for R and thus for B!

B(r ) =

GR
z }| {

1 �
2M
r

�
�
3

r2 + 3 � M � � (6� M + 1)
�

� log
�

r
� r + 1

�
r2 + r

�

| {z }
Extra corrections due to non constant F(R)

What are the properties of this generalized solution?
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The case of a single metric function: ' (r) = 0

B(r ) =

GR
z }| {

1 �
2M
r

�
�
3

r2 + 3 � M � � (6� M + 1)
�

� log
�

r
� r + 1

�
r2 + r

�

| {z }
Extra corrections due to non constant F(R)

+
(assuming � 6= 0 )

+

B(r ) ' �
2M
r

+ O(1) ! No singularity resolution if M 6= 0

B(r ) ' r 2
�

� 2 log(� 2)(6� M + 1)
2

�
�
3

�
+

1
2

+ O(
1
r

) ! (anti)de Sitter
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The case of a single metric function: ' (r) = 0

x �
r

2M

1 + r
2M

; !! r = 2M ! x = 1
2 r = 1 ! x = 1

It is impossible to recover asymptotic flatness if � 6= 0 !
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Black hole thermodynamics

QFT curved spacetimes shows that the

temperature is 1

TH = �
2� ! � = Surface gravity

Going further down the rabbit hole, if there is a temperature then

there must(?) be entropy 2

S = �1

8

Z
+

d�
p

h
�L

�R����
������ ! � =Bifurcation surface

��� =Binormals to �

1
Hawking, S. W. (1974). ”Black hole explosions?”. Nature.

2
Wald, Robert (2001). ”The thermodynamics of black holes”. Living Reviews in Relativity.
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Black hole thermodynamics

Temperature parameterized by the rh and Rh

TH =
e

’h
2

4�rh

���1 +
r2h [F (Rh)� Rh (1 + 2FR(Rh))]

6(1 + FR(Rh))

���
Entropy remains proportional to horizon area

S =
A

4
(1 + FR(Rh))

Possibility for third law of thermodynamics!

TH = 0 () FR(Rh) =
6 + r2h (F (Rh)� Rh)

2r2hRh � 6
S = 0 () FR(Rh) = �1
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Quasinormal modes

Regge-Wheeler ! g�� = g�� + h��

w�
h�� = e�i!t sin � @

@�Pl(cos �)

0BB@
0 0 0 h0(r)
0 0 0 h1(r)
0 0 0 0

h0(r) h1(r) 0 0

1CCA

(Axial perturbations of the metric)a

a
Regge, T., Wheeler, J. A. (1957). Stability of a Schwarzschild singularity. Physical Review

15/9



Quasinormal modes

Defining

h1(r) =
r Q(r)

B(r)

 
e�

’(r)
2p

1 + FR(R(r))

!

ww�
Then one obtains the quasinormal modes equation

@2Q(r)

@r2�
+ Q(r)(w2 � Veff (r)) = 0

dr�
dr
� e�

’(r)
2

B(r)
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Quasinormal modes

Full Effective potential

Veff (r) � 1

4
Be’

 
4
�
l2 + l � 3

�
r2

+
3B (2 + rR 0FRR + 2FR)2

r2 (1 + FR)2
� 2(F + R)

(1 + FR)
+ 2R

!

Expanding at low values of F, one gets the corrections to GR

Veff (r) ’

GRz }| {
(r � 2M)(l(l + 1)r � 6M)e’0

r4
�

"
2FR

�
24M2 � 3

�
l2 + l + 3

�
Mr + l(l + 1)r2

�
+
�
12M �

�
l2 + l + 3

�
r
�

(

Z
r2F dr) + r3(r � 2M)F

#
e’0

2r4
+O(F 2)
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Conclusions

- For SSS spacetimes, we reduced the field to equations to a single

second order equation for the scalar curvature.
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Conclusions

- For SSS spacetimes, we reduced the field to equations to a single

second order equation for the scalar curvature.

- We found the most general solutions for the metric functions in

terms of the arbitrary Lagrangian F(R) itself.

- We determined the conditions for regularity at the core,

existence of an event horizon, and the possibility of having

asymptotic flatness.

- We performed stability analysis of the Schwarzschild solution, and

determined it is unstable under the inclusion of F(R) modifications

with a non-zero quadratic term.

- we found the most general solution with a single metric function,

and analyzed its (un)physical properties.

- We studied the thermodynamics of black holes, and found

conditions for thermodynamical externality on the Lagrangian F(R).

- We derived the effective potential for quasinormal modes.
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“Universal black hole solutions for all F(R) gravitational theories”

arXiv: 24 1 1 . 05634

19/9



Appendix: tt-field equation

4B3FRRR

�
r 3φ(3) +

�
rφ′ + 2

� �
r 2φ′′ − 2

��2

− 4B2
�
r 2FRR

�
r 3
�
r
�
φ

(4) +
�
φ

′′�2� + φ
′
�
rφ(3) + 2φ′′

�
+ 4φ(3)

�
+ 4
�

− FRRR

�
r 3φ(3) +

�
rφ′ + 2

� �
r 2φ′′ − 2

���
rB′ �r �5rφ′′ + φ

′ �rφ′ + 4
��

− 4
�
+ r 2(2B(3)r + B′′ �3rφ′ + 8

�
) + 8

��
− r 3

�
2r 3B′′FR + r

�
B′�2 FRR

�
r
�
5rφ′′ + φ

′ �rφ′ + 4
��

− 4
�
+ B′

�
FRR

�
r 2
�
2B(3)r + B′′ �3rφ′ + 8

��
+ 8
�

+r 2FR

�
3rφ′ + 4

�
− 4r 2

�
+ 2r 3F + 4r

�
+ B

�
FRRR

�
rB′ �r �5rφ′′ + φ

′ �rφ′ + 4
��

− 4
�
+ r 2

�
2B(3)r + B′′ �3rφ′ + 8

��
+ 8
�2

− 2r 2FRR

�
r
�
B′
�
r
�
2r
�
φ

′�2 + 4r
�
2rφ(3) + 5φ′′

�
+ φ

′
�
5r 2φ′′ − 2

��
− 12

�
+r
�
B′′ �r �8rφ′′ + φ

′ �rφ′ + 10
��

+ 4
�
+ r
�
2B(4)r + 3B(3) �rφ′ + 4

����
− 8
�

−
�
r 5FR

�
2rφ′′ + φ

′ �rφ′ + 4
���

+ 4r 4
�

= 0
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Appendix: rr-field equation

2B2FRR

�
r’0 + 4

� �
r 3’(3) +

�
r’0 + 2

� �
r 2’00 � 2

��
+ r
�

2r 3B 00FR + r
�
B 0�2 FRR

�
r
�
5r’00 + ’0 �r’0 + 4

��
� 4
�

+ B 0
�

FRR

�
r 2
�

2B(3)r + B 00 �3r’0 + 8
��

+ 8
�

+ r 2FR

�
3r’0 + 4

�
� 4r 2

�
+ 2r 3F + 4r

�
+ B

�
r 4B 0 �’0�3 FRR + r 3

�
’0�2 �FRR

�
3rB 00 + 8B 0�+ rFR

�
+ 2
�

FRR

�
r
�

B 0
�

r 3’(3) + 12r 2’00 � 12
�

+ 4r
�

B(3)r + 4B 00
��

+ 16
�

+ r 4FR’00 � 2r 2
�

+ r’0
�

FRR

�
r
�

2B(3)r 2 + 20rB 00 + B 0
�

7r 2’00 + 8
��

+ 8
�

� 4r 2
��

= 0
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Appendix: Simplified field equations

Second order for R , and first for B and ’ !

R 00 =
1

6Br (FR + 1)FRR

h
6R 0 �FRR

�
BrFRRR 0 � (B + 1) (FR + 1)

�
� Br (FR + 1)FRRRR 0�

+ Fr
�
�rFRRR 0 + 4FR + 4

�
+ rR

�
r (2FR + 1)FRRR 0 � 2F 2

R + 2
� i

Linear equations!

B 0 =
1

3r (FR + 1) (rFRRR 0 + 2FR + 2)

h
rFRRR 0 ��2FR

�
3B + r2R � 3

�
r2 (F � R) + 6 (1� B)

�
� (FR + 1)

�
6B (FR + 1) + r2 (R (FR + 2) + F )� 6 (FR + 1)

�
� 6Br2F 2

RR

�
R 0�2 i ;

’0 =
1

3B (FR + 1) (rFRRR 0 + 2FR + 2)

h
� FRRR 0 �2FR

�
3B + r2(�R) + 3

�
+ 6B + Fr2 � r2R + 6

�
+ 6BrF 2

RR

�
R 0�2 + 2r (FR + 1) (�RFR + 2F + R)

i
:
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Appendix: Analytic solutions

’(r) =’0 +

Z
dr

2r
�

FRR R 00 + R 02 FRRR

�
2 + 2FR + rR 0 FRR

B(r) =
e
R
dr Q(r)

r (1 + FR)2

 
c1 +

Z
dr

e�
R
dr Q(r) P(r)

(1 + FR + 1
2 rR 0FRR)

!

9>>>>>>>>>=>>>>>>>>>;
Analytic solutions!

 
Q(r) =

2

r

�
3

2
� 3 (1 + FR)

2 + 2FR + rR 0FRR

�
; P(r) =

(1 + FR)2

6

h rR 0 �r 2 (F � R (1 + 2FR))
�

FR

(1 + FR)
�

�
r 2 (R (2 + FR) + F ) � 6

�
rR 0FR + 1 + FR

�� i!
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Appendix: Regularity and event horizon

Core regularity conditions

B(0) = 1 B 0(0) = 0 ’0(0) = 0

This can be obtained from our solutions by simply fixing the

integration extremes

Condition for Rh to be free

[�6rR 00 (FR + 1) FR � 6R 0 (FR + 1) FR

+ 6rR 02
�
F 2
R � FRR (FR + 1)

�
]jr=rh

6= 0

Condition for zero of B

[R 0
�
r2 (F � R (2FR + 1)) + 6 (FR + 1)

�
FR

� 2r (FR + 1) (�RFR + 2F + R)]jr=rh
= 0

These conditions together, imply that

! B(rh) = 0 B 0(rh) = [
r(F + R)

6 (FR + 1)
� 1

3
rR +

1

r
]jr=rh

(� 0)

Regularity and event horizon can be achieved simultaneously by fixing

the parameters of the Lagrangian!
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Appendix: Asymptotic flatness

Assuming F (R) ’ FRR(0)
2 R2 +O(R3) and defining m0

2 � 1
3FRR(0)

’(r) ’ ’0 �

Extra corrections due to non constant F(R)z }| {
c1 e�m0 r

3m2
0r

(2 + m0 r) +
c2 em0 r

3m2
0r

(2�m0 r) +O(2)

B(r) ’ 1� 2M

r
+

c1 e�m0 r

3m2
0r

(1 + m0 r) +
c2 em0 r

3m2
0r

(1�m0 r) +O(2)| {z }
Extra corrections due to non constant F(R)

=) Only theories with FRR(0) � 0 have a chance of asymptotic flatness!
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Appendix: Perturbed equations

rw (FR + 1)
�
�irh0

0 + 2ih0 + rwh1

�
� Bh1e

’
�

l(l + 1) (FR + 1) � r
�
2B 0 ��rR 0FRR + FR + 1

�
+ rF + rR

� �
+ B2h1e

’
� �

r’0 + 2
�

FR + r
�

� 2rFRRRR 02 � FRR

�
2rR 00 + R 0 �r’0 + 2

�� �
+ r’0 + 2

�
= 0

�Be’
�

(FR + 1)
�
h1

�
2B 0 + B’0�+ 2Bh0

1

�
+ 2Bh1R

0FRR

�
� 2iwh0 (FR + 1) = 0

26/9


	1) Extended gravitational theories - F(R) gravity
	2) Static and spherically symmetric solutions
	3) Regularity, event horizon and asymptotic flatness
	4) Instability of Schwarzschild spacetime
	Bonus:
	 - The case of a single metric function
	 - Black hole thermodynamics
	 - Quasinormal modes
	Conclusions...

