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MAIN IDEA
Simple Supergravity is the minimal extension of GR that implements supersymmetry 

It requires the introduction a new fermion field that transforms as a vector and a 
spinor 

 

How many degrees of freedom are carried by this field. 

Early analysis around late 70´s shown that it carries two degrees of freedom, of 
helicities 3/2 and -3/2. 

We recently understood that these results relied on some assumption that does not 
generally hold…  otherwise helicity 1/2 and -1/2 modes also propagate.
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BASIC SUPERGRAVITY

S =
1
2 ∫ d4x e (R − ψ̄μγμνρDνψρ),

δeμ
a =

1
2

ϵ̄γaψμ, δψμ = Dμϵ

Gauge supersymmetry

It massless case is essential in the (basic) supergravity action:



RARITA SCHWINGER SECTOR

Gauge symmetry

S =
i
2 ∫ d4x ψ̄μγμνρ∂νψρ,Flat case RS action:



UNCONVENTIONAL SUSY

S[ψμ = γμκ] = i
(D − 1)(D − 2)

2 ∫ κ̄ ∂\ κ ,

Supersymmetry of a different kind, P. Alvarez, M. V, and J. Zanelli,  
JHEP04(2012)058 arXiv:1109.3944.

Matter Ansatz:



Unconventional Supersymmetry



HELMOLTZ DECOMPOSITION OF THE MAXWELL FIELD

S[A] = −
1
4 ∫ FμνFμν

S[A⊥ + A∥] = −
1
4 ∫ A⊥μ □ A⊥

μ ≈ S[A⊥]

Aμ = A⊥
μ + A∥

μ , A⊥
μ := (δν

μ −
∂μ∂ν

□ )Aν, A∥
μ := (

∂μ∂ν

□ )Aν

Transverse and Longitudinal  

decomposition

S[A+∂ϕ] = S[A], S[∂ϕ] ≈ 0

(P⊥)μ
ν + (P∥)μ

ν = δμ
ν



OBSERVATIONS

• The pure gauge modes ( ) belong to the Kernel of the action functional 

•     is not independent 

• Using the gauge symmetry we can chose , for example.  
 

∂μλ

·AT
0 = ⃗∇ ⋅ ⃗A T

A3 = 0

• So the Maxwell action describe two degrees of freedom



Behrends-Fronsdal projectors

HELMOLTZ DECOMPOSITION OF THE RS FIELD: SPIN-BLOCK PROJECTORS
Helmholtz-like decomposition using

R.E. Behrends, C. Fronsdal. Fermi Decay of Higher Spin Particles. Phys.Rev. 106 (1957) 2, 345

https://inspirehep.net/authors/2211959
https://inspirehep.net/authors/1009354
https://inspirehep.net/literature/1475093


VECTOR-SPINOR DECOMPOSITION

Spin-decomposition (1+0) x 1/2 = 3/2 + 1/2 + 1/2

, δψμ = ∂μϵ ⇒ δξ = 0 = δζ , δλ = ∂\ϵGauge transformations



- We can use the gauge symmetry to remove . 
Hence , , and , depend only on  

-  Does not show up in the action or in the EoMs because it is the longitudinal mode. 

- From                                       ,   two components of   are not independent, so it carries only 
4 off-shell dof. 

- There remain 8 off-shell dof.

ψ3
ξμ ζ λ ψ0, ψ1, ψ2

λ

ξμ

…. which satisfy the Dirac equation. Hence 4 helicities propagate, of values .±1/2, ± 3/2,



Using the projector operators:

DEMONSTRATION



SPACE-TIME SPLITTING

▸ We introduce spatial spin-block projectors



The gauge fixed RS equations reduce to



HAMILTONIAN APPROACH



HAMILTONIAN FORMALISM

TOTAL HAMILTONIAN DYNAMICS
In order to obtain a variational principle in phase-space equivalent to a gauge invariant 
Lagrangian we need to add the "primary constraints" to the Hamiltonian action;

Total Hamiltonian

Equations of motion:

The total Hamiltonian dynamics is equivalent to the Lagrangian one



HAMILTONIAN FORMALISM

SECONDARY CONSTRAINTS

Suppress other phase space directions  

  c1 := ·c0 = {HT, c0} ≈ 0.

Actually, we demand,

Which yields a hierarchy of constraints,



HAMILTONIAN FORMALISM

FIRST-CLASS AND SECOND-CLASS CONSTRAINTS

{cfc, cfc} ≈ 0, {csc, csc} ≈ M, {cfc, csc} ≈ 0

HT = HC + μ cfc + ν csc

The algebra structure is such that Lagrange multipliers associated to FC 
constraints are not determined by the EoMs, while those associated to SC  are.

Constraints split in "first-class" and "second-class"

where  is an invertible matrixM



DIRAC’S DYNAMICS

DIRAC HAMILTONIAN DYNAMICS
Dirac’s conjecture

HE = HT + c(1)μ(1) + c(2)μ(2) + . . .

Then Dirac proposes to "modify" the (total Hamiltonian 
dynamics) by the one given by the "extended 
Hamiltonian"

I believe that



RARITA-SCHWINGER HAMILTONIAN AND CONSTRAINT STRUCTURE

Primary constraint

Secondary constraint



On the surface of the second class constraints and using the Helmholtz decomposition

The Poisson bracket is replaced by the Dirac bracket

An we obtain the EoM

Total-Hamiltonian 
 EoM



SHOULD WE USE THE EXTENDED HAMILTONIAN INSTEAD?

Do not assume the Dirac conjecture: Then gauge fix only for primary first class constraints.  
 
If unphysical functions still remain in the system  
 
Then: Assume the Dirac conjecture. Then add secondary 1st class constraint to the Total           
Hamiltonian and gauge fix for all first class constraint. 
 

Conservative approach



CONSERVATIVE APPROACH
We only gauge-fix for the primary first class constraint

Explicit solution with spin 1/2 and 3/2

We do not observe the existence of unphysical degrees of freedom!



We add the secondary 1st class constraint back to the Hamiltonian with a Lagrange multiplier

ASSUMING THE DIRAC-CONJECTURE

And the spin 1/2 mode is lost.

We have to gauge fix, lambda, as eg.                    .  Hence

Since                               , the constraint’s conjugate variable is lambda.



Hamiltonian analysis of RS



POTENTIAL APPLICATIONS

The total Hamiltonian and the Lagrangian principles suggest that the 
spin-half mode propagates. 
 
These findings may lead to new supergravity phenomenology, eg.,  
in cosmology and particle physics. 



CONCLUSIONS

▸ With the Dirac conjecture the resulting Hamiltonian is 
not equivalent to the Lagrangian dynamics and it 
implies the elimination of the spin 1/2 mode. 

▸ Without the Dirac conjecture the both Lagrangian and 
Hamiltonian description are equivalent and the spin 
1/2 mode propagates. 

▸ The Dirac conjecture explains why in unconventional 
supersymmetry there is a spin 1/2 propagating mode 

▸ The implication for supergravity may be important. So 
further investigations are needed.

1977

Today



Red pill: accept potentially  
life-changing truth … 

Blue pill: remaining in the ordinary reality. 



Thank you!!!
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