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Introduction & Motivations

e Binary and multi-black hole systems are acquiring more relevance in the under-
standing of the large scale structure and interactions of our universe, because
gravitational waves observations. Anyway no exact analytical solution in GR
are known.
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double Kerr or the Israel-Khan solutions suffer from conical singularities which
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Introduction & Motivations

e Binary and multi-black hole systems are acquiring more relevance in the under-
standing of the large scale structure and interactions of our universe, because
gravitational waves observations. Anyway no exact analytical solution in GR
are known.

o These systems generally are not isolated but they belong to larger gravitational
structures such as galaxies, or clusters of galaxies which contribute to deform
the gravitational field around the black holes and also the behaviour at large
distances.

e ;Is it possible to have multi black hole (at equilibrium) in pure GR? The
double Kerr or the Israel-Khan solutions suffer from conical singularities which
are not physical because are they are divergences in the spacetime, violate
energy conditions and there are no observational nor experimental traces of
their plausibility at the moment.

e Can the introduction of the external gravitational field help to fix these issues?
Can we regularise these multi-black hole metrics from conical singularities and
describe an realistic setting for binary black hole models? Surely we can, at
least, circumvent the Israel theorem about black hole uniqueness.
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The multipolar gravitational background

The background can be written as a Weyl metric:
d52 = —ezw(p’z)dt2 + e*Qw(P’Z) [EQV(P’Z) (dp2 + dz2) + p2d¢2] ,

with

oo
Z(TnJrl + bnr )P'ru

= S |:(n+1)(p+1)anap
(n + p + 2)rntp+2

npbn bprn+p

(Pn+1Pp+17Pan)+ (Pnpprn—IPp—l)]

n,p=1 nte

r:=1/p? + 22 asymptotic radial coordinate and Py (z/r) Legendre polynomials

an describe the deformations of the source, by, the external gravitational field
whose distribution of matter located at large r.
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The multipolar gravitational background

The background can be written as a Weyl metric:
d52 = —ezw(p’z)dt2 + e*Qw(Pﬁz) [EQV(P’Z)(dpz + dz2) + p2d¢2] ,

with

oo
Z(TnJrl + bnr )P'ru

= S |:(n+1)(p+1)anap
(n + p + 2)rntp+2

npbn bpr"+P

P, P, — Pn P
( n+14tp+1 n p)+ n+p

n,p=1

r:=1/p? + 22 asymptotic radial coordinate and Py (z/r) Legendre polynomials
an describe the deformations of the source, by, the external gravitational field
whose distribution of matter located at large r.

The internal and external multipole momenta Q%nt, Q?‘t

int int int int
Q =0, Q' =-a, Qy =-ag, Q3 =—a3

3
b
Q(e)xt -0, QTXt _ _b17 ngt _ —b2, ngt _ 31 _ b3- (1)
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Rod representation & solitons

Flat space g, = diag(—1, p2) Rindler g,;, = diag(—uq, p2/,u,1)
t t
é @
z w1 z
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Rod representation & solitons

Flat space g, = diag(—1, p2)
t
é

z

Schwazschild g, = diag (—”—2, pQZ—%)

Rindler g, = diag(—p1, p?/u1)

t

¢

w1
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Rod representation & solitons

Flat space g, = diag(—1, p2) Rindler g,;, = diag(—uq, p2/;1,1)

t

t

¢ @
z w1 g
Schwazschild g,; = diag (7%, pQZ—%) p(p, ) = wy, — 2 + \/m
t
o)
w1y wo >,
2
C-metric g, = diag (_M}/;g’ Z1Z§,>
t
¢
w1 wo ws a
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Rod representation & solitons

Flat space g, = diag(—1, p2) Rindler g,;, = diag(—uq, p2/;1,1)
t t
é ¢
z w1 z

Schwazschild g, = diag <7%, pzﬁ—%) pp(p, z) =wp —z+ Vo2 + (2 — wk)2

t

[}

w1 wo z

2
. . L1 M
C-metric g, = diag (— k ;1/23 R %)

t
¢

w1y wa w3 z

Binary Black Hole g,; = diag (—%, pQ%)

t
@

wq wa w3 w4 z
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Array of N black holes in an external gravitational field

t o o o o o
® « e e e
w1 wa w3 W2 N -2 W2N -1 w2N

Each couple of solitons adds a black hole, then the addition of 2N solitons gives
rise to a spacetime containing N black holes, whose metric is
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Array of N black holes in an external gravitational field

t o o o o o
® « e e e
w1 wa w3 W2 N -2 W2N -1 w2N

Each couple of solitons adds a black hole, then the addition of 2N solitons gives
rise to a spacetime containing N black holes, whose metric is

ds? = f(p, 2)(dp? + d=?) + gap(p, 2)dada®,

Marco Astorino Multi-black holes at equilibrium



Array of N black holes in an external gravitational field

t o o o o o
I e e e e e
w1 w2 w3 W2N -2 W2N -1 Wo2N z

Each couple of solitons adds a black hole, then the addition of 2N solitons gives
rise to a spacetime containing N black holes, whose metric is

% = f(p, 2)(dp® + d=?) + ggp(p, 2)dada”

TRl #ok—1 = o TT7 pay =
gap = diag {—% exp <2 Z bnrnPn> l_il exp<—2 Z bnrnPn>:| ,
n=1

I 1 moy IR #ok—1 n=1

2N+1 2N—1 E2d 1 2l 1
pemepn (LA ) (M ) T ot

k=1 P° T Ky, k=1,1=1,3, (g = Pgt)

2N —2 1 2N &
X ( H 7> exp |:2 Z (-1) +1F(p,z,uk):| .

h=1,1=2,4,... (P + HERELD? k=1
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Array of N black holes in an external gravitational field

t o o o o o
I e e e e e
w1 w2 w3 W2N -2 W2N -1 Wo2N z

Each couple of solitons adds a black hole, then the addition of 2N solitons gives
rise to a spacetime containing N black holes, whose metric is

% = f(p, 2)(dp® + d=?) + ggp(p, 2)dada”

TRl #ok—1 = o TT7 pay =
gap = diag {—% exp <2 Z bnrnPn> l_il exp<—2 Z bnrnPn>:| ,
n=1

I 1 moy IR #ok—1 n=1

2N+1 2N—1 E2d 1 2l 1
pemepn (LA ) (M ) T ot

k=1 P° T Ky, k=1,1=1,3, (g = Pgt)

2N —2 1 2N &
X ( H 7> exp |:2 Z (-1) +1F(p,z,uk):| .

h=1,1=2,4,... (P + HERELD? k=1

’\)"_l, n [(n=1)/2] (—1yktlg=2k=ly 5 —1 2(k+D) }
l

00 00 2\1
n —P
F(p,z,\) =2 bn[ (7) (erf ' ' ‘
E E _ _ 2k+1—
fopune') l:O(l) 2X 2 =1 =0 kl(k + D) (n — 2k —1)! 22k+l—n
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Array of N black holes in an external gravitational field

t o o o o o
& « e e e
w1 wa w3 W2 N -2 W2N —1 w2 N

Each couple of solitons adds a black hole, then the addition of 2N solitons gives
rise to a spacetime containing N static black holes, whose metric is

ds® = f(p, 2)(dp® + d=) + gqp(p, 2)deda”

N 0o N oo

. —1 Mok — _

dup = dlag{,% xp (2 > bmnpn)pgwcxp(,g > bnrnpnﬂ ,
G2, pa n=1 [Ty Hok—1 n=1

ol 2N+1 2N-—1 T ! s ;
ey {1 ) (H ) (T i)

fmt P2 g ) \pmt 21,3, (ke = k)

2N -2 1 2N &
X ( H 7> exp |:2 Z (-1) +1F(p,z,,uk):| .

I W ol b h=1
The 2N parameters are related to the mass m; and position z; of the N black hole:
wy =21 —-mp, wgp=2z+mp, ... WyN_]=ZN My, WyN =2y tmpy.
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Conical singularities and regularisation

Multipole momenta by, allow to remove the conical singularities from the metric
requiring P = fg;; — 1 as p — 0 between the k-th and (k + 1)-th rod
(wop, < 2 < 1”2k+1)7 for1 <k < N.
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Conical singularities and regularisation

Multipole momenta by, allow to remove the conical singularities from the metric
requiring P = fg;; — 1 as p — 0 between the k-th and (k + 1)-th rod
(wop, < 2 < 1”2k+1)7 for 1 <k < N.

_ 52(2N+1) al N2 NNk B 2 B 2
Cr=2 [T (woi—wai—1) IT I1 (wor—1—wopqoi)” (wop—wopqoi—1)7] -

i=1 k=1 j=1
2k 2N l+]+1 o0 2N )
Pk = fgtt = |:H H (wj—wl)2 (71) exp [4 Z bn Z (_l)jJrl'w;L ’
i=14j=2k+1 n=1 j=2k+1
while in the region z > wop Py =1 and for z < wy
00 2N i1
Po = exp {4 S b S (—1)) w;} :
n=1 j=1
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Conical singularities and regularisation

Multipole momenta by, allow to remove the conical singularities from the metric
requiring P = fg;; — 1 as p — 0 between the k-th and (k + 1)-th rod
(wop, < 2z <wgpy1), for 1 <k < N.

N N—1N—k

2(2N+1 2 2 2

Cr=2 @N+ ){H(wm‘—wm’—ﬂ ] { IT I (wor—1—wopio))” (wop—wopyoi—1) } :
i=1 k=1 j=1

2k 2N il oo 2N ,
P = foit = [H II (wj—wi)z(fl)l ! :|exp|:4 dDobn Y (—1)j+1w;’l

i=1j=2k+1 n=1 j=2k+1
while in the region z > wop Py =1 and for z < wy
00 2N )
Po = exp |:4 Z bn Z (—1)]+1w?:| s
n=1 ;=1

Marco Astorino Multi-black holes at equilibrium



N =1 Distorted Schwarzschild black hole

For N = 1 static black hole embedded in an external gravitational field

211} =— exp( Z bnr Pn> N

2F (p,z,p1)—2F (p,z,p
627716010 fo #2 ni e ( 1) ( 2)

(0% + 1) (02 + p2) (1 — n2)?
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N =1 Distorted Schwarzschild black hole

For N = 1 static black hole embedded in an external gravitational field

211} =— exp( Z bnr Pn> N

2F(p,z,pu1)—2F(p,z,pt
e27716cf fo #2 ni e ( 1) 2)

(0% + 1) (02 + p2) (1 — n2)?
Schwarzschild limit for by, =0 Vn.
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N =1 Distorted Schwarzschild black hole

For N = 1 static black hole embedded in an external gravitational field

211} =— exp( Z bnr Pn> N

2F(p,z,pu1)—2F(p,z,pt
e27716cf fo #2 ni e ( 1) 2)

(0% + 1) (02 + p2) (1 — n2)?
Schwarzschild limit for by, =0 Vn.
Regularising constraints =0
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N =1 Distorted Schwarzschild black hole

For N = 1 static black hole embedded in an external gravitational field

2111 = — exp( Z bpr Pn> s

2F(p,z, —2F(p,z,
327 3 16 Cf fo #2 uy e (ps2,11) (ps2,12)

(0% + 1) (02 + p2) (1 — n2)?
Schwarzschild limit for b, =0 Vn.
Regularising constraints M

(w17w2)2 = n n
C’f:T7 an(wl—w2):0.
n=1
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N =1 Distorted Schwarzschild black hole

For N = 1 static black hole embedded in an external gravitational field

8211) = ——exp( Z bnr Pn> s

2F (p,z, —2F(p,z,
2y _16Cs fo 3y 2F(P2n1)=2F (p2,12)

(0% + 1) (02 + p2) (11 — n2)?

Schwarzschild limit for b, =0 Vn.

p=/r(r—2m)sinf, z=2z1+ (r—m)cosb.

(a) m =0.5, bg =0.4, 21 =2
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N = 2 Generating a Charged Binary Black Hole system

Seed: N = 2, multipolar generalisation of the Bach-Weyl solution

2
¥ H1K3 exp [lez + 2bg <z2 — p—)} s
Mo kg 2

2¢y 3 5 3 5 2
16C ;2 13153 b
2y f 1F27374 exp{—b%p2 + ?2 (p2 — 8z2)p2 — 4b1b22p2

W11 WoaW33Wyy W123 W224 Y12Y14Y23Y34
2, 2 2 2
261 (=2 + p1 — po + pg = pa) +ba[=227 + p% 4+ 42(ny — po) + 0T — 1y

€

+ (ng — na)(4z + p3 + u4)]} ;

where W ; = p? +uimg s Yig = (1 —Mj)2 and p(p,2z) = wy, — 2 +1/p2 + (2 — wy,)?
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N = 2 Generating a Charged Binary Black Hole system

Seed: N = 2, multipolar generalisation of the Bach-Weyl solution

2
¥ H1K3 exp [lez + 2bg <z2 — p—)} s
Mo kg 2

2¢ 35 35
2y _ 16Cy e Y B uing
W11 WoaW33Wyy W123 W224 Y12Y14Y23Y34

2
b
e exp{—b%p2 + ?2 (p2 — 822)p2 — 4b1b22p2

2, 2 2 2
4201 (=2 + py — pg + pz — pg) Fbo[—227 +p” +4z(py — po) + B — K2
+ (n3 — 1) (4z + pg + u4)]} ;
where W ; = p? +uimg s Yig = (1 —Mj)2 and p(p,2z) = wy, — 2 +1/p2 + (2 — wy,)?
Charging transformation
N 21 _ 22
20 20 _ e (1-¢%)

(1—¢2e2¥)2”
which is be supported by an electric field given by

NG
A= (Y 000).

Marco Astorino Multi-black holes at equilibrium



N = 2 Generating a Charged Binary Black Hole system

Seed: N = 2, multipolar generalisation of the Bach-Weyl solution

2
¥ H1K3 exp [lez + 2bg <z2 — p—)} s
Mo kg 2

2¢ 3.5 3 5 2
2y _ 1607 &2V i u3udng 22 b3 o2 o2 2 2
= ) 5 expq —bip +?(p — 8z )p — 4b1bgzp
W11 WoaW3s Wy WisW5, Y12Y14Y23Y34

e
2 2 2 2
+2by(—z+pq — po 4 w3 — pg) +02[—227 + p° +4z(uy — po) +pi — ph

+ (ng — na)(4z + p3 + u4)]} ;

where W ; = p? +uimg s Yig = (1 —Mj)2 and p(p,2z) = wy, — 2 +1/p2 + (2 — wy,)?

Charging transformation

L2 2,2
20 20 _ e Ya-¢? 7
(1= ¢2e2¥)2

which is be supported by an electric field given by

NG
A= (Y 000).

The usual inverse scattering parametrisation for the black holes is used:
wy =21 —-01, wgp=2z+t0], wg=z2-02, wy=zz3+og,
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N = 2 Regularising the Charged Binary Black Hole system

Regularising condition fg;; =1
for p=0and z € (—oo,wy), z € (wg,w3), z € (wy, o)

Cp = 16(wy — wg)”(wg — wg)?(wy —wy)* (w3 — wy)?,

by — w? — wi +w} — w] log[(wl—wg)(MQ—w4):| ,
2(wy — wg)(w] + wg — w3z — wy)(wgz — wy) (wg — w3 )(wy — wy)
by = — w] — wg + w3z — wy 1 [(wl—w3)(w2—w4)}.
2(wy — wa)(wy + wg — wg — wy)(w3z — wy) (wg — w3)(wy — wy)
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N = 2 Regularising the Charged Binary Black Hole system

Regularising condition fg;; =1
for p=0and z € (—oo,wy), z € (wg,w3), z € (wy, o)

Cp=16(wy — wg)? (wg — wg)? (wy — wy)? (w3 — wy)?,

by = wi —w +wi — wj o [(wl—wB)(U’Q—wéL)}
2(wy —wg)(wy + wo — wgy — wy) (w3 — wy) (wo —w3g)(wy —wy) |’
by — — w1 — wg + wgy — wy o [(wl—w3)(w2—w4)}.
2(wy — wa)(wy + wg — wg — wy)(w3z — wy) (wg —w3)(wy — wy)

E3 Embedding (;fethe black hole event horizons for z; = 5, zo = 15, m1 =4, mo = 4.

wo
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Twin binary BH system for different separation z; — 2o

20
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Twin binary BH system for different separation z; — 2o
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Twin binary BH system for different separation z; — 2o

e
20 /’/ ,/"/
//.{_, f/ /
s
/ / ,,-

o
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Twin binary BH system for different separation z; — 2o
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Twin binary BH system for different separation z; — 2o

J//
J’c/
I'/
JJ’-’(J
,/" ,""
r'/
;‘J’/—F
i‘f f.f/
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Twin binary BH system for different separation z; — 2o

mmumif/
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Twin binary BH system for different separation z; — 2o
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Twin binary BH system for different separation z; — 2o
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Twin binary BH system for different separation z; — 2o

Marco Astorino Multi-black holes at equilibrium



Twin binary BH system for different separation z; — 2o

St
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Twin binary BH system for different separation z; — 2o
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Twin binary BH system for different separation z; — 2o
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Twin binary BH system for different separation z; — 2o
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N = 2: Conserved Charges of the Black Hole Binary

The electric charge

1

T4m

2¢o;

Qi = 1-¢2°

2 w9, 1
d¢/ dzp gy OpAt|,—o =
0 w1
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N = 2: Conserved Charges of the Black Hole Binary

The electric charge

127 wo; 1 2¢o;
Q= —— d¢/ dzpg,, OpA¢| _n = L
v 4m Jo wo; 1 it “P t|P*O 1— <2
The Mass
M l/w% dz(pgp; 0 24,0pA4)| 1+
P = — z — 0= o; .
i 1 wag_q P Yt OpItt t94t) 1 p=0 1_<2 7
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N = 2: Conserved Charges of the Black Hole Binary

The electric charge

127 wo; 1 2¢o;
Q= —— d¢/ dzpg,, OpA¢| _n = L
v 4m Jo wo; 1 it “P t|P*O 1— <2
The Mass
M l/w% dz(pgp; 0 24,0pA4)| 1+
P = — z — 0= o; .
7 1 wag_q P Yt OpItt t94t) 1 p=0 1_<2 7

Masses anche electric charges are not 4 independent quantities but just three

2¢

Qi:1+C2 7
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N = 2: Conserved Charges of the Black Hole Binary

The electric charge

127 wo; 1 2¢o;
Q= —— d¢/ dzpg,, OpA¢| _n = L
=~ woi 1 1wt OpAt| =0 e
The Mass
M 1/w2i dz(pgp; 0 24,0pA4)| L+
;= — z — . = ——50,; .
i< woi 1 P It OpItt top4t) | p=0 1-c2%t

Masses anche electric charges are not 4 independent quantities but just three

2¢

Qi:1+cg 7

The entropy for each black hole is taken as a quarter of the event horizon area
1 /27 w24
S; = Z/ dé d2\/92299% |p—0 -
0 1
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N = 2: Conserved Charges of the Black Hole Binary

The electric charge

127 wo; 1 2¢o;
Q;, = —— d¢/ dzp gy OpAg| _n = 2
v 4m Jo wo; 1 it “P t|P*O 1— <2
The Mass
M 1/w2i dz(pgp; 0 24,0pA4)| L+
P z — N =——=0;.
7 1 wag_q P Yt OpItt t94t) 1 p=0 1_<2 7

Masses anche electric charges are not 4 independent quantities but just three

- %
142

Q;

The entropy for each black hole is taken as a quarter of the event horizon area

1 /27 w24
S; = Z/o dé . d2\/92299% |p—0 -

2
Sy =m (wg —wy)%(wy —wy) e_2b1 (w2—w3+w4)—2b2(w%—w§+wz)
(wg —wy)(1 = ¢%)2
So=m (wyq — w3)2(w4 —wj) 6—21U4(b1+b2w4) )
(wg —wo)(1 = ¢2)2
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Sma

Temperature of the event horizons

where

o (=] =
Multi-black holes at equilibrium
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Smarr law for the charged binary system

Temperature of the event horizons

L

tToas;

G-’L‘:W/MZZiQZZ‘

The Coulomb electric potential © evaluated on both the event horizons takes the
same value

where

©=—¢"Au],_o=all - 6c0).

Smarr law

My =2T;S; —0Q; = 3 Mj=3_ (21;5; - 0Q;)

Marco Astorino Multi-black holes at equilibrium



Smarr law for the charged binary system

Temperature of the event horizons

L

tToas;

G-’L‘:W/MZZiQZZ‘

The Coulomb electric potential © evaluated on both the event horizons takes the
same value

where

© = *EHAM,):() =a((—0c).
Smarr law
2 2
M; = 2T;S; — ©Q; = > M=) (2735, - 0Q;)

i=1 i=1

First and second (Sg @ < SG) laws of black hole thermodynamics can be verified
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Smarr law for the charged binary system

Temperature of the event horizons

L

tToas;

O’iquMngZZ‘

The Coulomb electric potential © evaluated on both the event horizons takes the
same value

where

o= 7£“Aﬂ|p:0 =a(( — Oc0).
Smarr law

2 2
M; = 2T;S; — ©Q; = > M=) (2735, - 0Q;)
i=1 i=1

First and second (Sg @ < SG) laws of black hole thermodynamics can be verified

Note that the proper distance between the two event horizon surfaces is finite:

w3
0= / V9zzdz < 0.
w2
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The regularising constraints have some special points for which b; = 0 Vi:
{w1:w2 , U)3:U)4} :zi_ai:zi+ai — 0; =

M2 —
T

2_9
K3

o (=] =
Multi-black holes at equilibrium
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Majumdar—Papapetrou limit

The regularising constraints have some special points for which b, = 0 Vi:

{w) =wy , wg=wy} =2z —0;=2;+0; :>ai:1/Mi27Q22:0
When M; = Q; we have the extremal version of our charged binary system in the
external gravitational field:

762wdt2 + 6—27/) (dp2 + sz + p2d¢>) R

o M M. —1
Ay = (1+ 1 + . ) :
Vo2 + (=22 o2+ (2 29)2

where
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Majumdar—Papapetrou limit

The regularising constraints have some special points for which b, = 0 Vi:

{w) =wy , wg=wy} =2z —0;=2;+0; :>ai:1/Mi27Q22:0
When M; = Q; we have the extremal version of our charged binary system in the
external gravitational field:

762wdt2 + 6—27/) (dp2 + sz + p2d¢>) R

o M M. —1
Ay = (1+ 1 + . ) :
Vo2 + (=22 o2+ (2 29)2

where .
2V = A2,

which is exactly the double Majumdar—Papapetrou metric.
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Summary, Conclusions & Pespectives

o Analytical multi black hole solutions at equilibrium can be build in General Rel-
ativity without conical singularities. The equilibrium is provided by a generic
multipolar external gravitational field.
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@ We show how to build charged, rotating, NUTty, accelerating extensions, thanks
to solution generating techniques, providing the most general black hole family
of pure GR. Smarr, first and second law can be explicitly verified.

These metrics, in certain limits, can also describe a large family of particle in
GR.
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Summary, Conclusions & Pespectives

o Analytical multi black hole solutions at equilibrium can be build in General Rel-
ativity without conical singularities. The equilibrium is provided by a generic
multipolar external gravitational field.

@ We show how to build charged, rotating, NUTty, accelerating extensions, thanks
to solution generating techniques, providing the most general black hole family
of pure GR. Smarr, first and second law can be explicitly verified.

These metrics, in certain limits, can also describe a large family of particle in
GR.

o The External field can also provide a motivation for accelerating black holes
and C-metric opening the possibility of a pair production of black holes in

external gravitational field.

o Generalisation to other gravitational backgrounds or to other gravitational the-
ories such as scalar tensor theories, Brans-Dicke or f(R) can be pursuit.
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